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Abstract
We consider perturbations of the 4 dimensional Reissner-Nordstro¨m (RN) spacetime induced
by the probe scattering of a point particle with charge and mass moving on an unbound
trajectory with an asymptotically large velocity. The resulting classical radiative solutions
are used to derive the universal photon and graviton soft factor contributions at the tree
level. While the graviton soft factor has the same form as noted in the literature, the photon
soft factor is shown to involve an additional subleading phase contribution resulting as a
consequence of Maxwell’s equations on curved backgrounds. We determine the tail contribu-
tion to the memory effect from the soft factor expressions. In the process, we demonstrate a
difference between the late time tails of gravitational and electromagnetic waveforms.
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1 Introduction
The radiation emitted by accelerated particles (bremsstrahlung) on curved spacetimes cover
an important class of scattering problems in classical General Relativity. Solutions include
the electromagnetic radiation emitted by point charges [1–3] and the gravitational radiation
emitted by point masses [4, 5] on the Schwarzschild background. One of the reasons for
interest in these solutions concerns the power spectrum of the emitted radiation, which
gives an estimate on their energy and angular distribution. An interesting regime in this
spectrum lies in the soft limit, ω → 0. As this limit involves long wavelengths, the power
spectrum result can be expected to be independent of specific details concerning the internal
structure of the bodies and the nature of their scattering. This was demonstrated in [6],
where the zero-frequency limit of gravitational bremmstrahlung was considered in the case
of distant encounters as well as head-on collisions. The soft limit result derived by Smarr at
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the linearized level agrees with post-linear results and the full non-linear numerical result for
the head-on collision of equal mass BHs [7–11]
The soft limit is also of particular importance in the context of soft theorems on asymptoti-
cally flat spacetimes. Soft theorems relate scattering amplitudes involving soft particles with
amplitudes without soft particles through a soft factor. The leading pole contribution to the
soft photon and graviton factors [12, 13] and soft photon expansions of the S-matrix [14–16]
pertained to infrared properties of quantum field theories. Soft theorems are now known to be
more generally related with asymptotic symmetries on aymptotically flat spacetimes [17–29].
The universal contributions in soft factors result as a consequence of invariance under U(1)
transformations in the case of abelian gauge theories and diffeomorphisms in the case of grav-
itational theories. There have been many recent developments of soft theorems concerning
subleading contributions [30–40], loop corrections [41–51] and multiple soft particles [52–63].
The universal contributions in soft factors and their connection with asymptotic symme-
tries have in particular led to several investigations concerning gravitational waves and the
memory effect [64–72].
This paper is motivated by the results of [70], where it was shown that universal contribu-
tions in the photon and graviton soft factors in any spacetime dimensions can be derived
from classical electromagnetic and gravitational scattering processes. The use of classical
scattering processes in determining soft factors is particularly relevant in four spacetime di-
mensions, where the S-matrix suffers from infrared divergences. In [71], the soft factors were
shown to develop logarithmic terms in the classical limit of soft theorems in four spacetime
dimensions, arising from the long range interactions in electromagnetism and gravity. Their
analysis also demonstrated that the radiative solutions resulting from classical gravitational
bremmstrahlung [4] satisfies the soft graviton theorem in four spacetime dimensions. Further-
more, the comparison with [4] also revealed the presence of an overall phase, which influences
the shape of the gravitational waveform. This additional phase does not follow from taking
the classical limit of soft theorems and can only be inferred on comparison with classical
results. The soft graviton factor involving the phase correction has been used to identify
their effect on gravitational waves [72]. In addition to the gravitational memory effect which
follows from the leading contribution, the logarithmic terms present in the subleading con-
tribution of the soft factor imply the presence of a tail term. The subleading contribution
also involves the phase correction, which causes the tail term to vanish asymptotically in the
case of either ultrarelativistic or massless particles.
Several approaches to perturbations on the RN spacetime are known in the literature, notably
those in [73–75]. However, our analysis in this paper will concern the weak field, fast-motion
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approximation which cannot be addressed using either the quadrupole moment formalism or
the slow-motion approximation. The expansion in terms of generalized spherical harmonics
is useful when the radiation is known to arise from specific multipole moments. The low
frequency result then follows from taking the limit of the sum over moments, which in general
is a more cumbersome route to soft limit expressions. For these reasons, in this paper we
extend the result of [2,4] and consider the scattering of a point particle with mass and charge
on the four dimensional RN spacetime, with the particle velocity taking on asymptotically
large values. The scattering is considered in the probe limit with the gravitational and
electromagnetic radiation results derived up to order M
r
and Q
r
, where M and Q denote the
mass and charge of the RN black hole. To the best of our knowledge, these classical solutions
representing the gravitational and electromagnetic bremsstrahlung on the RN spacetime have
not been previously derived in the literature.
We subsequently use our classical radiation results to demonstrate that they provide the
expected tree level soft factor involved in the soft photon and graviton theorems up to
phases. One of our main results concerns an overall phase difference between the soft photon
and soft graviton cases. While the phase in the soft graviton case is as noted previously
in the literature [47, 71, 72], we find an additional negative phase contribution in the soft
photon case arising from the coupling of soft photons to the curvature of the spacetime. The
phase is demonstrated as being a consequence of Maxwell’s equations on curved backgrounds.
The soft factors are then used to determine the memory effect, which includes a tail term,
resulting from scattering processes involving several outgoing light particles and no incoming
light particles. In considering the ultrarelativistic limit one finds a vanishing gravitational
wave tail consistent with the prior literature. The electromagnetic tail however persists in
this limit and indicates the existence of a non-linear tail effect.
Our paper is organized as follows. In the following section, we first review perturbations of
charged black hole spacetimes before arriving at the equations on the linearized RN spacetime.
The pertubative solutions in frequency space are then derived using the scalar Green function
based on the worldline formalism on curved backgrounds. The derivation of the scalar Green
function on linearized curved backgrounds has been provided in Appendix A and specific
expressions on the linearized RN spacetime have been derived in Appendix B. In Sec. 3, we
use the classical radiative solutions to determine the photon and graviton soft factors. We first
review the results of [47,70,71], which cover the predicted soft factors, the phase corrections
involved and the integral identities needed to derive these expressions from classical radiative
solutions. We then derive the photon soft factor in Sec. 3.2 and the graviton soft factor in
Sec. 3.3. The graviton soft factor takes the exact form as the predicted expression on using
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the equations of motion for the point particle on the RN spacetime. The photon soft factor on
the other hand involves an additional phase correction resulting from the spacetime curvature
and we trace its origin from Maxwell’s equation on curved backgrounds. Following [72], in
Sec. 3.4 we determine the memory effect and its tail contribution in the late time gravitational
and electromagnetic waveforms using the soft factor expressions. We demonstrate that unlike
the gravitational case, the electromagnetic tail does not vanish in the ultrarelativistic limit
of light outgoing particles, which is a consequence of the additional phase contribution in the
soft photon factor. We conclude with a summary of our results.
2 Classical radiative solutions of probe scattering on
the RN spacetime
In this section, we will derive the metric and electromagnetic perturbations of the RN space-
time due to the scattering of a massive and charged point particle travelling on an unbound
trajectory with large impact parameter from the central black hole. We will follow the
procedure used to calculate metric perturbations resulting from a point mass [4] and elec-
tromagnetic perturbations due to a point charge [2] on the Schwarzschild spacetime. In the
following subsection, we consider linear perturbations of the Einstein-Maxwell equations of
a charged black hole spacetimes due to point particle with mass and charge. We then specif-
ically consider these perturbations on the RN spacetime up to linear order in
M
r
and
Q
r
, in
accordance with our assumption of a large impact parameter. The perturbations are then
solved in the last subsection in frequency space by using the worldline formalism for the
scalar Green function.
2.1 Perturbations of Einstein-Maxwell equations
We consider the background to be a charged black hole spacetime which is a solution of the
Einstein-Maxwell action. The solution satisfies Einsteins equations
Gµν − Tµν = 0 (1)
and the source-free Maxwell equations
F µν ;ν = 0 (2)
where
Gµν = Rµν − R
2
gµν , Fµν = Aν ,µ−Aµ,ν , Tµν = 1
4π
(
FµαFνβg
αβ − 1
4
gµνFαβFγδg
αγgβδ
)
.
5
The background metric and gauge potential are gµν and Aµ. We adopt the mostly plus
convention for the metric and set 8πG = 1. Semicolons indicate covariant derivatives, while
commas denote partial derivatives. Our convention for the Riemann tensor is
Rαµβν = Γ
α
µν ,β −Γαµβ ,ν +ΓαβγΓγµν − ΓανγΓγµβ , (3)
where
Γαµν =
1
2
gαβ (gβν ,µ+gβµ,ν −gµν ,β ) (4)
We now linearly perturb the spacetime by introducing a point particle with mass and charge.
The corresponding action is
SP = −m
∫
dσ
√
−gµν dr
µ
dσ
drν
dσ
+
q
4π
∫
dσAµ
drµ
dσ
. (5)
From the variation of this action, we derive the following stress tensor T µν(P ) and current J
µ
(P )
T
µν
(P ) = m
∫
δ(x, r(σ))
drµ
dσ
drν
dσ
dσ ,
J
µ
(P ) =
q
4π
∫
δ(x, r(σ))
drµ
dσ
dσ (6)
where δ(x, r(σ)) refers to the covariant delta function which is normalized as∫ √−g δ(x, r(σ))dσ = 1 (7)
The stress-energy tensor and current of the point particle induces a perturbation of the metric
and gauge potential which we denote by hµν and aµ respectively, i.e.
gµν → gµν + δgµν = gµν + 2hµν ,
Aµ → Aµ + δAµ = Aµ + aµ . (8)
The variation of Eq. (1) and Eq. (2) provides the following equations
δGµν − δT hµν − δT aµν = T (P )µν (9)
δ(F µν ;ν ) = 4πJ
µ
(P ) , (10)
where we have denoted the perturbation of the stress-energy tensor as a combination of terms
involving perturbations of the metric δT hµν and perturbations of the gauge potential δT
a
µν in
Eq. (9). We will denote the perturbed electromagnetic field strength tensor by
fµν = aν,µ − aµ,ν . (11)
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It will also be convenient to describe the perturbation equations in terms of trace-reversed
metric perturbations eµν defined by
eµν = hµν − 1
2
hgµν ; h = g
µνhµν = −gµνeµν = −e (12)
The simplified expressions for δGµν , δT
h
µν , δT
a
µν and δ(F
µν ;ν ) in terms of eµν and fµν are
δGµν = −eµν;αα + eµα;αν + e ανα; µ +
(
Rν
δeδµ +Rµ
δeδν
)
+ 2Rανµ
δeδα
− gµνeαβ;αβ −Reµν + gµνRαβeαβ
δT hµν = eTµν −
1
8π
eµνFαβF
αβ − 1
2π
gαǫgβδeǫδ
(
FαµFβν − 1
4
gµνFαγFβ
γ
)
δT aµν =
1
4π
gαβ
(
fαµFβν + fανFβµ − 1
2
gµνg
γδfαγFβδ
)
δ(F µν ;ν ) = −gαρgµν
(
2gβσeρσFνβ;α−fνρ;α−2Fανeρβ;β
)
(13)
By substituting the first three expressions of Eq. (13) in Eq. (9), we find the following
expression for the perturbed Einstein equation
−T (P )µν = eµν;αα − eµα;αν − e ανα; µ −
(
Rν
δeδµ +Rµ
δeδν
)− 2Rανµδeδα +Reµν
− gµνRαβeαβ + gµνeαβ;αβ + 1
4π
gαβ
(
fαµFβν + fανFβµ − 1
2
gµνg
γδfαγFβδ
)
+ eTµν − 1
8π
eµνFαβF
αβ − 1
2π
gαǫgβδeǫδ
(
FαµFβν − 1
4
gµνFαγFβ
γ
)
, (14)
while using the last line of Eq. (13) in Eq. (10) gives us the perturbed Maxwell equation
− 4πgµνJ (P )ν = gαρgµν
(
2gβσeρσFνβ;α−fνρ;α−2Fανeρβ;β
)
(15)
In general, the conservation equation requires
δGµν;
µ − δT hµν;µ − δT aµν;µ − T (P )µν; µ = 0 (16)
2.2 Perturbations on the linearized RN spacetime
We will now consider the above perturbations on the RN spacetime. In isotropic coordinates,
the metric is given by
ds2 = −g00dt2 + gijdxidxj (17)
with
g00 = −
 1− 14R2
(
M2
64π2
− Q2
8π
)
(
1 + M
16πR
)2 − 1
8π
(
Q
2R
)2
2 , gij = δij
((
1 +
M
16πR
)2
− 1
8π
(
Q
2R
)2)2
. (18)
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where R = |~x|. The parameters M and Q refer to the mass and charge, respectively, of the
RN black hole. The gauge field Aµ has the following non-vanishing component
A0 =
Q
R
(
1 +
M
8πR
+
1
4R2
(
M2
64π2
− Q
2
8π
))−1
(19)
Eq. (17) and Eq. (19) satisfy the Einstein-Maxwell equations in Eq. (1) and Eq. (2). In
considering perturbations about this background along the lines of the previous section, we
will implement a few approximations. First, we will be working in the probe scattering limit,
where the point particle is assumed to have a large impact parameter from the central black
hole. This amounts to the assumption that we consider M
R
<< 1 and Q
R
<< 1. Second, the
mass m and charge q of the point particle is considered to be much smaller than the mass M
and charge Q of the RN black hole. Specifically, we make the assumption that M >> m and
Q >> q. These assumptions allow us to consider our perturbations about the linearized RN
spacetime, where the metric and gauge potential will be considered only up to terms which
are linear in Q and M . We will express the metric and gauge field in terms of the potential
φ (~x) = − M
8πR
. (20)
Hence all O (φ2) contributions will contain the O (M2) ,O (QM) and O (Q2) terms. Ignoring
O (φ2) corrections, the metric components then have the form
g00 = − (1 + 2φ) , g00 = 0 , gij = δij (1− 2φ) , (21)
while the gauge potential in this approximation is
A0(~x) = −8πQ
M
φ (~x) (22)
We will denote ∂
∂xi
as ∂i and
∂
∂x0
as ∂0. We then have from Eq. (21) the following non-vanishing
connection, Riemann and Ricci tensor components
Γ00i = φ,i = Γ
i
00 , Γ
i
jk = δijφ,k − δkjφ,i − δikφ,j ,
R0ij0 = φ,ij , R
k
ijm = δimφ,kj + δjkφ,im − δijφ,mk − δmkφ,ij
R00 = φ,kk , Rij = δijφ,kk ,
R =2φ,kk (23)
while Eq. (22) gives us the non-vanishing electromagnetic field strength tensor component
F0i =
8πQ
M
φ,i . (24)
At the linearized level, the stress-energy tensor of the Maxwell field goes like O (φ2). Indeed,
this also implies that the linearized RN spacetime appears to be exactly as that of linearized
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Schwarzschild spacetime with a gauge potential. More significantly, perturbations about
the linearized RN spacetime are different from those about the linearized Schwarzschild
spacetime, which will be relevant in the following analysis. Thus while δT hµν vanishes at
the linearized level, contributions from δT aµν are present in the perturbed Einstein equation
in Eq. (14). Likewise, the perturbed Maxwell equation in Eq. (15) involve eµν corrections
unlike the perturbations about the Schwarzschild spacetime.
We will now substitute Eq. (17) - Eq. (24) in Eq. (14) and Eq. (15). Let us define
 = ηµν∂µ∂ν = −∂20 + ∂2i (25)
and
kµ = eµν ;
ν , l = −a0,0 + ai,i . (26)
We will be interested in the radiative components of the gravitational and electromagnetic
fields. These components will only require us to consider the spatial components of the
perturbed fields. As we will note, other components of the perturbed fields can be determined
from the gauge fixing choices we will adopt. For the ij component of the perturbed Einstein
equation, Eq. (14), we find the following expression
−T (P )ij =  ((1 + 2φ) eij)− ki,j − kj,i − 2 (φ,keki),j − 2 (φ,kekj),i − (k0,0 − kl,l) δij
+ 4
[
φeij,00 + φ,ie0j,0 + φ,jei0,0 +
1
2
(
φ,ij − 1
2
φkkδij
)
(e00 + ell)
]
+ 2δij (φ,klekl − φ,kkk + 2φk0,0)− 2Q
M
(f0iφ,j + f0jφ,i − δijf0lφ,l) , (27)
while the i component of the perturbed Maxwell equation, Eq. (15), gives us
− (1 + 2φ) 4πJ (P )i = ai − l,i + 2φ,kfki + 4φ (ai,kk − ak,ki) +
16πQ
M
(e0jφ,ij + φ,ik0) (28)
We now need to fix a gauge in Eq. (27) and Eq. (28). It is desirable that any choice we make
for kµ and l reduce to the usual flat spacetime de Donder and Lorenz gauges in the φ → 0
limit. However, the key principle in our choice will be to ensure that all mixed terms with
φ involve only time derivatives of the perturbed fields. This will be crucial for solving the
perturbations using the approach described in the next subsection.
Thus in Eq. (27), we need to implement a choice for kµ such that it eliminates the terms
− 2
(
(φ,keki),j + (φ,kekj),i − δijφ,klekl
)
+
2Q
M
(a0,iφ,j + a0,jφ,i − δija0,lφ,l) (29)
We note that the following gauge choice for kµ achieves this
kµ = −2φ,kekµ + 2Q
M
a0φ,µ . (30)
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Substituting this expression for kµ in Eq. (27) gives us the desired gauge fixed expression
−T (P )ij =  ((1 + 2φ) eij) + 4
[
φeij,00 + φ,ie0j,0 + φ,jei0,0 +
1
2
(
φ,ij − 1
2
φkkδij
)
(e00 + ell)
]
− 2Q
M
[
ai,0φ,j + aj,0φ,i − δijal,0φ,l + 2a0
(
φ,ij − 1
2
δijφkk
)]
. (31)
Substituting Eq. (30) in Eq. (28) also eliminates the kµ contribution in the electromagnetic
perturbation equation, since these contributions are O (φ2). Thus the only terms which need
to be addressed in the electromagnetic pertubation equation are
2φ,kfki + 4φ (ai,kk − ak,ki) (32)
This can be achieved by the following choice for l
l = −4φak,k − 2φ,kak (33)
We now substitute Eq. (33) in Eq. (28) to find the gauge fixed expression
− (1− φ) 4πJ (P )i =  ((1 + φ) ai) + 4 [φai,00 + φ,ia0,0]−φ,kkai+2φ,ikak+
16πQ
M
e0jφ,ij , (34)
where we made use of the following property resulting from Eq. (33)
φl = 0 = φ (−a0,0 + ak,k) (35)
In the following subsections, we will proceed to solve the perturbation equations for eij and ai
given in Eq. (31) and Eq. (34) respectively. These solutions will be determined in frequency,
which will hence involve Fourier transforming the solutions in time. The procedure which
will be used to derive the solutions is the worldline formalism applied to the scalar Green
function.
2.3 Solutions using the worldline formalism
Eq. (31) and Eq. (34) can be viewed as differential equations involving the flat spacetime
D’Alembertian operator and subleading terms involving φ and its derivatives. To obtain
the solutions of such equations in frequency space we will need the solution of the following
equation
ψ
(1)
;α
α = −
∫
δ(x, r(σ))f(σ)dσ +O (R2) , (36)
with the form of f(σ) depending on the source and where the covariant delta function
δ(x, r(σ)) is related to the flat spacetime delta function δ4 (x− r(σ)) via
δ(x, r(σ))
√−g = δ4 (x− r(σ)) = δ(t− r0(σ))δ(3)(~x− ~r(σ)) . (37)
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The solution of Eq. (36) which can be derived using the worldline formalism [76, 77] is 1
ψ(1) = ψ(0) + δψ(0) , (38)
where
ψ(0)(x) =
1
4π
σ0∫
−∞
δ (−Ω (x, r(σ))) f(σ)dσ , (39)
δψ(0)(x) =
1
16π2
∫ √
−g(y)δ (−Ω (x, y)) d4y
σ0∫
−∞
δ′ (−Ω (y, r(σ)))F (y, r(σ)) f(σ)dσ . (40)
In Eq. (39), the world function Ω (x, r(σ)) is defined in terms of the geodesic Uµ which
connects the point x at parametric value u1 and r(σ) at parametric value u0
Ω (x, r(σ)) =
u1 − u0
2
u1∫
u0
gµνU
µUν du , (41)
while F (y, r(σ)) in Eq. (40) is further defined using the Ricci tensor Rµν
F (y, r(σ)) =
1
u1 − u0
u1∫
u0
(u− u0)2RµνUµUνdu . (42)
We note at this point that that while ψ(0) does involve terms that are both independent and
linear in curvature, δψ(0)(x) only involves curvature dependent terms. Let us now consider
the specific case of the linearized RN spacetime, whose metric is given in Eq. (21). By
expanding Eq. (36) explicitly in terms of φ, we find
ψ(1) + 4φ∂2t ψ
(1) = −
∫
δ4 (x− r(σ)) f(σ)dσ +O (R2) . (43)
The source term in Eq. (43) is now simply that for the Green function in flat spacetime. This
suggests that we can assume ψ(0) to be composed in the following way
ψ(0) = ψ
(0)
0 + ψ
(0)
1 . (44)
where ψ
(0)
0 manifestly satisfies the flat spacetime equation for the Green function, while ψ
(0)
1
is an additional contribution which does not. From Eq. (43), we then find the following two
equalities
ψ
(0)
0 = −
∫
δ4 (x− r(σ)) f(σ)dσ , (45)
−4φ∂2t ψ(0) = 
(
ψ
(0)
1 + δψ
(0)
)
(46)
1A brief review of this derivation has been provided in Appendix A
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Eq. (45) and Eq. (46) further imply that in considering perturbative solutions about the
linearized RN spacetime, we can simply express Eq. (43) as

(
ψ
(0)
0 − ψ(0)1 − δψ(0)
)
= −
∫
δ4 (x− r(σ)) f(σ)dσ +O (R2) . (47)
Hence on the linearized RN spacetime, we can express Eq. (43) as an equation for the scalar
Green function on flat spacetime. Furthermore, we can also derive solutions when we consider
specific corrections of Eq. (43), as in the case of Eq. (31) and Eq. (34). Should Eq. (43) contain
correction terms involving derivatives of φ and time derivatives of ψ(1), then Eq. (46) can be
used to find an expression involving the flat spacetime D’Alembertian operator acting on the
additional terms. We may thus perturbatively construct solutions in these cases as well.
In Appendix B, we have explicitly derived the following solutions for ψ(0) and δψ(0) on the
linearized RN spacetime
ψ(0)(t , ~x) =
1
4π
∞∫
−∞
δ
(
t− r0 −R0 − M4πΓ (~x, ~z)
)
R0
f(σ)dσ , (48)
δψ(0)(t , ~x) =
M
16π2
∂t
∞∫
0
dv
∞∫
−∞
dσ
δ (t− r0 − |~r| − v − ρ(v))
ρ(v) (|~r|+ v) f(σ) , (49)
where as before ~R0 = ~x− ~r, R = |~x| and
Γ (~x,~r) = ln
(
RR0 + ~x.~r
|~r|R0 + ~z.~r
)
, ρ(v) =
√
R2 + v2 +
2v~x.~r
|~r| (50)
The solutions in Eq. (48) and Eq. (49) are the same as those about the linearized Schwarzschild
spacetime [77].
To derive the perturbative solutions in frequency space, we perform the Fourier transform
ψ˜ (ω , ~x) =
1
2π
∫
dteiωtψ (t, ~x) , (51)
ψ (t, ~x) =
∫
dωe−iωtψ˜ (ω , ~x) , (52)
where ψ refers to any of the fields mentioned above ψ(1) , ψ
(0)
0 , ψ
(0)
1 or δψ
(0). By Fourier
transforming Eq. (48) and Eq. (49) (using Eq. (51)), we find
ψ˜(0)(ω , ~x) =
1
4π
∞∫
−∞
eiω(r
0+R0)
R0
f(σ)dσ +
iωM
16π2
∞∫
−∞
eiω(r
0+R0)Γ (~x,~r)
R0
f(σ)dσ , (53)
δψ˜(0)(ω , ~x) = −iωM
16π2
∞∫
0
du
∞∫
−∞
dσ
eiω(r
0+u+|~r|+ρ(u))
(u+ |~r|) ρ(u) f(σ) , (54)
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From Eq. (53), we further identify
ψ˜
(0)
0 (ω , ~x) =
1
4π
∞∫
−∞
eiω(r
0+R0)
R0
f(σ)dσ , (55)
ψ˜
(0)
1 (ω , ~x) =
iωM
16π2
∞∫
−∞
eiω(r
0+R0)Γ (~x,~r)
R0
f(σ)dσ (56)
On substituting Eq. (52) in Eq. (45) and defining ˜ := ω2 + ∂2i , we find∫
dωe−iωt˜ψ˜
(0)
0 (~x, ω) = −
∫
δ(t− r0)δ(3) (~x− ~r) f(σ)dσ , (57)
which is satisfied by the solution in Eq. (55). By Fourier transforming Eq. (46) and on using
Eq. (56) and Eq. (54) we find
− ˜GM (ω , ~x ,~r) = −
(
ω2 + ∂2i
)
GM (ω , ~x ,~r) = φ (~x)
eiωR0
R0
, (58)
where we have defined GM as
GM (ω , ~x ,~r) = − iM
16πω
eiωR0Γ (~x,~r)
R0
−
∞∫
0
du
eiω(u+|~r|+ρ(u))
(u+ |~r|) ρ(u)
 (59)
Eq. (58) enables us to express φ and its derivatives in terms of GM . Let us define the
derivative ∇i := ∂
∂xi
+
∂
∂ri
. Since ~R0 = ~x − ~r we have ∇if(R0) = 0, for f(R0) being some
function of R0. Hence we can conveniently describe derivatives of φ in the following way
− ˜∇iGM (ω , ~x ,~r) = φ,i e
iωR0
R0
, −˜∇i∇kGM (ω , ~x ,~r) = φ,ik e
iωR0
R0
, etc. (60)
2.4 Solutions of the perturbation equations
Using the results of the previous subsection, we can now derive the solutions of Eq. (31) and
Eq. (34). These equations can be viewed as involving corrections of the equation for the
scalar Green function. In the case of Eq. (31), we have
− T (P )ij = −m
∫
δkiδlj
δ4(x− r(σ))
1 + 2φ (~r)
drk
dσ
drl
dσ
dσ =  ((1 + 2φ) eij) + 4φeij,00 + · · · , (61)
while for Eq. (34) we have
− (1− φ) 4πJ (P )i = −q
∫
δki
δ4(x− r(σ))
1 + φ (~r)
drk
dσ
dσ =  ((1 + φ) ai) + 4φai,00 + · · · (62)
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where · · · in the RHS of Eq. (61) and Eq. (62) denote the additional terms in the RHS of
Eq. (31) and Eq. (34) respectively. We see that Eq. (61) and Eq. (62) are simply of the form
of Eq. (43). Using Eq. (52) we Fourier transform the independent perturbed fields eij and ai
eij (t, ~x) =
∫
dωe−iωte˜ij (ω, ~x) , ai (t, ~x) =
∫
dωe−iωta˜i (ω, ~x) , (63)
Substituting Eq. (63) in Eq. (31) gives us
−T (P )ij = −m
∫
δkiδlj
δ4(x− r(σ))
1 + 2φ (~r)
drk
dσ
drl
dσ
dσ =
∫
dωe−iωt˜ ((1 + 2φ) e˜ij)
−
∫
dωe−iωt4
[
ω2φe˜ij + iω (φ,ie˜j0 + φ,j e˜i0)− 1
2
(
φ,ij − 1
2
φ,kkδij
)
(e˜00 + e˜ll)
]
+
2Q
M
∫
dωe−iωt
[
iω (a˜iφ,j + a˜jφ,i − δij a˜lφ,l)− 2a˜0
(
φ,ij − 1
2
δijφ,kk
)]
(64)
and substituting Eq. (63) in Eq. (34) gives
− (1− φ) 4πJ (P )i = −q
∫
δki
δ4(x− r(σ))
1 + φ (~r)
drk
dσ
dσ =
∫
dωe−iωt˜ ((1 + φ) a˜i)
−
∫
dωe−iωt
[
4
(
ω2a˜iφ+ iωa˜0φ,i
)
+ a˜iφ,kk − 2a˜kφ,ik − 16πQ
M
e˜0jφ,ij
]
(65)
Comparing the first lines of Eq. (64) and Eq. (65) with Eq. (57) allows us to determine
the analog of the leading contribution ψ˜
(0)
0 in these equations, whose solution is given in
Eq. (55). Choosing ψ˜
(0)
0 (ω , ~x) = (1 + 2φ (~x)) e˜ij (ω , ~x) and f(σ) = δkiδlj
m
1+2φ(~r)
drk
dσ
drl
dσ
, we find
on comparing with Eq. (57) and Eq. (55) the following leading order contribution e˜
(0)
ij (ω , ~x)
in the solution of Eq. (61) in frequency space
e˜
(0)
ij (ω , ~x) =
m
1 + 2φ(~x)
∫
eiω(r
0+R0)
4πR0
vivj
1 + 2φ(~r)
dr0
dσ
dr0 , (66)
where we changed the integration variable from σ to r0 in the final expression of the solution
and have denoted dr
k
dr0
as vk. Likewise, on choosing ψ˜
(0)
0 (ω , ~x) = (1 + φ (~x)) a˜i (ω , ~x) and
f(σ) = δki
q
1+φ(~r)
drk
dσ
, we can compare with Eq. (57) and Eq. (55) to find the following leading
order contribution a˜
(0)
i (ω , ~x) in the solution of Eq. (62)
a˜
(0)
i (ω , ~x) =
q
1 + φ(~x)
∫
eiω(r
0+R0)
4πR0
vi
1 + φ(~r)
dr0 , (67)
Eq. (66) and Eq. (67) would be the complete solutions of Eq. (64) and Eq. (65), respectively,
in the absence of the second and third lines of Eq. (64) and the second line of Eq. (65). The
solution in the presence of these additional terms can be determined in the following way.
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First, since Eq. (64) and Eq. (65) can be viewed as involving corrections for the equation for
the scalar Green function, we can make use of Eq. (58) for all terms in Eq. (66) and Eq. (67)
apart from those in the first line. Second, as these terms all involve φ or their derivatives,
we can consider the gauge conditions in Eq. (30) and Eq. (33) to lowest order in φ. The
resulting equations arising from the gauge condition for gravitational perturbations Eq. (30)
are
eij,j − ei0,0 = 0 , e0i,i − e00,0 = 0 , (68)
while the equation resulting from Eq. (33) is
a0,0 − ai,i = 0 (69)
These are simply the de Donder and Lorentz gauges in flat spacetime. By Fourier transform-
ing Eq. (68) and using Eq. (66), we derive the following lowest order in φ solutions
e˜
(0)
ij (ω , ~x) = m
∫
eiω(r
0+R0)
4πR0
vivj
dr0
dσ
dr0 +O(φ) ,
e˜
(0)
i0 (ω , ~x) = −m
∫
eiω(r
0+R0)
4πR0
vi
dr0
dσ
dr0 +O(φ) ,
e˜
(0)
00 (ω , ~x) = m
∫
eiω(r
0+R0)
4πR0
dr0
dσ
dr0 +O(φ) . (70)
Using Eq. (67) with the Fourier transform in Eq. (69) identifies the lowest order in φ solutions
for electromagnetic perturbations
a˜
(0)
i (ω , ~x) = q
∫
eiω(r
0+R0)
4πR0
vi dr
0 +O(φ) ,
a˜
(0)
0 (ω , ~x) = −q
∫
eiω(r
0+R0)
4πR0
dr0 +O(φ) . (71)
Hence the gauge conditions determine all the lowest order expressions. Plugging Eq. (70)
and Eq. (71) in Eq. (64) and Eq. (65) and using Eq. (58) and Eq. (60), we then determine
the following solutions for e˜ij (ω, ~x) and a˜i (ω, ~x)
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e˜ij (ω, ~x) =
m
1 + 2φ(~x)
∫
eiω(r
0+R0)
4πR0
vivj
1 + 2φ(~r)
dr0
dσ
dr0
−
∫
dr0 eiωr
0
∫
d3~r ′ δ(3)
(
~r ′ − ~r (r0)){dr0
dσ
m
π
[
ω2vivj − iω (vi∇′j + vj∇′i)
−(1 + ~v
2)
2
(
∇′i∇′j −
1
2
δij∇′2
)]
+
qQ
2πM
[
iω
(
vi∇′j + vj∇′j − δijvk∇′k
)
+2
(
∇′i∇′j −
1
2
δij∇′2
)]}
G (ω, ~x,~r ′) , (72)
a˜i (ω, ~x) =
q
1 + φ(~x)
∫
eiω(r
0+R0)
4πR0
vi
1 + φ(~r)
dr0
− q
π
∫
dr0 eiωr
0
∫
d3~r ′ δ(3)
(
~r ′ − ~r (r0)){ω2vi − iω∇′i − dr0dσ QmMq vj∇′i∇′j
+
1
4
vi∇′2 − 1
2
vk∇′k∇′i
}
G (ω, ~x,~r ′) , (73)
where ∇′i = ∂∂xi + ∂∂r ′i = ∂i + ∂′i. In considering Q = 0, Eq. (72) agrees with [4] and Eq. (73)
agrees with [2], after taking into account the change in notation and metric signature. The
additional terms involving Q are additional contributions due to the RN spacetime. In the
following section, we consider the explicit evaluation of the integrals involved for the radiative
fields in Eq. (72) and Eq. (73) in the limit where ω → 0. This will enable us to verify that the
above results satisfy the soft theorem in the presence of gravitational and electromagnetic
interactions and provide the known soft factors in this case.
3 Soft factors and waveforms from classical radiation
In [70], by considering the classical limit of multiple soft theorems in four and higher dimen-
sional spacetimes, the soft factor up to subleading order was related with the power spectrum
of low frequency radiation emitted in classical scattering processes. This relation was further
used in [71] to unambiguously identify the soft factor in four spacetime dimensions from
scattering processes involving a heavy center and a probe particle. The soft factor in this
case develop certain logarithmic contributions arising from the long-range gravitational and
electromagnetic forces experienced by the soft particles. In particular, the result of [4] was
shown to satisfy the predicted soft factor and also helped identify an overall phase of the soft
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radiation. This phase can be understood as arising from the gravitational drag experienced
by the soft particle due to the presence of the large scatterer. While the overall phase does
not affect the flux of soft particles, it does have implications on the late time gravitational
waveform [72]. The soft factor determined from classical scattering processes was shown to
be consistent with quantum results [47]. The results in [47] also generalized the results of [71]
beyond the probe-scatterer approximation. In addition, the overall phase was determined
as a consequence of the soft particles satisfying the geodesic equation on linearized curved
spacetimes.
In the following subsections, we will first review the results of [47, 70, 71]. Following these
references, we will then evaluate the integrals involved in Eq. (72) and Eq. (73) in the limit
where ~x ≫ ~r (σ) and when ω → 0. The resulting expressions will be shown to provide the
correct soft factor involved in the soft photon and soft graviton theorem in the presence
of gravitational and electromagnetic interactions. We also determine an additional subtlety
concerning the phase. The overall phase of the electromagnetic radiation is less than that of
the gravitational radiation, due to an additional contribution present in the former arising
from the curvature of the spacetime. Using the results of [72], we then comment on the
implications of this additional contribution on the late-time electromagnetic waveform in the
final subsection.
3.1 Soft factors and evaluation of integrals in four-dimensional
spacetimes
The general relation between the tree level or classical soft factor and the classical electromag-
netic and gravitational radiation in D spacetime dimensions was provided in [70]. Given the
trace reversed metric perturbation e˜αβ(ω , ~x) and electromagnetic field a˜a(ω , ~x) in frequency
space, we have
ǫαβ e˜αβ(ω , ~x) = N ′Sgr (ǫ , k) (74)
ǫαa˜α(ω , ~x) = N ′Sem (ǫ , k) , (75)
N ′ = 1
2ω
eiωR
( ω
2πiR
)D−2
2
, R = |~x| , nˆ = ~x
R
, k = −ω (1, nˆ) . (76)
In Eq. (74) ǫαβ denotes an arbitrary rank two polarization tensor and k denotes the momen-
tum of the soft graviton, while in Eq. (75) ǫα denotes an arbitrary polarization vector and k
denotes the momentum of the soft photon. Sem and Sgr are the soft factors in the classical
limit of the soft graviton theorem and soft photon theorem with the expressions
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Sgr = S
(0)
gr + S
(1)
gr , Sem = S
(0)
em + S
(1)
em
S(0)gr =
n∑
a=1
ǫµνp
µ
(a)p
ν
(a)
p(a).k
, S(1)gr = i
n∑
a=1
ǫµνp
µ
(a)kρ
p(a).k
Jρν(a) (77)
S(0)em =
n∑
a=1
q(a)
ǫ.p(a)
p(a).k
, S(1)em = i
n∑
a=1
q(a)
ǫνkρ
p(a).k
Jρν(a) + non-universal (78)
S(0) and S(1) denote the leading and subleading contributions, respectively, in the soft factors.
In the case of the subleading soft photon factor, there do exist non-universal contributions
and the expression in Eq. (78) denotes only the universal piece. The sum in Eq. (77) and
Eq. (78) run over all incoming and outgoing particles, where q(a) p(a) and J(a) denote the
charges, momenta and angular momenta, counted with a positive sign for incoming particles
and a negative sign for outgoing particles.
In [71], the expressions for Sgr and Sem were determined for a system comprising of a probe
particle of mass m and charge q scattering off a heavy central object of either mass M or
charge Q in four spacetime dimensions. The result for Sgr in the case of only gravitational
interactions was also shown to agree with [4] after evaluating the integrals involved in the
classical solutions. We will now review this procedure and apply it subsequently to the
gravitational and electromagnetic radiative solutions on the RN spacetime.
The expressions for Sgr in Eq. (74) is invariant under ǫ
µν → ǫµν + ξµkν + ξνkµ, where ξα
is arbitrary. This implies the constraint kµe˜µν = 0 for the radiative components of the
gravitational field. We can hence determine the e˜0ν components from e˜ij and set ǫ
0ν = 0.
Similarly, Sem in Eq. (75) is invariant under ǫ
µ → ǫµ + kµ. The constraint kµa˜µ = 0 on the
radiative components imply that a˜0 can be determined from a˜i and that we can set ǫ
0 = 0.
We can thus set
ǫ0ν = 0 , ǫ0 = 0 (79)
In addition, the expressions for e˜µν and a˜µ are known only up to a choice in gauge. Denoting
the arbitrary gauge parameters by ξµ and ξ (for gravity) and λ (for electromagnetism) , we
have the following gauge transformations
δe˜µν = kµξν + kνξµ − ξ.kηµν , δa˜µ = λkµ . (80)
Using Eq. (80) in Eq. (74) and Eq. (75), we then have the relations
kµǫ
µν − 1
2
kνǫµµ = 0 , kµǫ
µ = 0 . (81)
Eq. (81) and Eq. (79) then provide the following conditions on the polarization tensor in
Eq. (74) and the polarization vector in Eq. (75)
ǫ0ν = 0 , kiǫ
ij = 0 , ǫii = 0 ; ǫ
0 = 0 , kiǫ
i = 0 . (82)
To determine Sgr and Sem, we also need to determine the expressions for the momenta and
angular momenta. Due to the presence of the long range interaction of electromagnetic and
gravitational forces, the particle trajectories of the probe before (r(1)) and after (r(2)) the
scattering can be taken to have the form
r0(1) = t = r
0
(2) , ~r(1) =
~β−t + ~c− − C−~β− ln |t| , ~r(2) = ~β+t+ ~c+ − C+~β+ ln |t| , (83)
where the ln |t| terms are the contributions to the long range forces. The momenta of the
probe particle before and after scattering will be denoted by p(1) and p(2) respectively, while
the angular momenta of the probe before and after scattering will be denoted by jµν(1) and j
µν
(2)
respectively. Using Eq. (83) and retaining all ln |t| terms, the following asymptotic expressions
for the momenta and angular momenta can be determined
p(1) =
m√
1− ~β2−
(
1 , ~β−
)
, p(2) = − m√
1− ~β2+
(
1 , ~β+
)
,
jij(1) = r
i
(1)p
j
(1) − rj(1)pi(1) =
m√
1− ~β2−
(
ci−β
j
− − cj−βi−
)
,
j0i(1) = r
0
(1)p
i
(1) − ri(1)p0(1) = −
m√
1− ~β2−
(
ci− − C−βi− ln |t|
)
,
jij(2) = r
i
(2)p
j
(2) − rj(2)pi(2) = −
m√
1− ~β2+
(
ci+β
j
+ − cj+βi+
)
,
j0i(2) = r
0
(2)p
i
(2) − ri(2)p0(2) =
m√
1− ~β2+
(
ci+ − C+βi+ ln |t|
)
. (84)
Substituting Eq. (82), Eq. (84) and the expression for k from Eq. (76) in Eq. (74) and
Eq. (75), and replacing ln |t| with lnω−1, gives the expressions for the soft factors in the
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probe-scatterer approximation up to overall phases
Sem = − q
ω
[
~ǫ.~β+
1− nˆ.~β+
− ~ǫ.
~β−
1− nˆ.~β−
]
− iq lnω−1
[
C+
~ǫ.~β+
1− nˆ.~β+
− C− ~ǫ.
~β−
1− nˆ.~β−
]
+ finite (85)
Sgr = −m
ω
ǫij
 1
1− nˆ.~β+
1√
1− ~β2+
β+iβ+j − 1
1− nˆ.~β−
1√
1− ~β2−
β−iβ−j

− im lnω−1ǫij
C+ 1
1− nˆ.~β+
1√
1− ~β2+
β+iβ+j − C− 1
1− nˆ.~β−
1√
1− ~β2−
β−iβ−j
+ finite
(86)
The substitution of ln |t| with lnω−1 was confirmed by comparison with classical scattering
examples. This included the solution for gravitational radiation given in [4], which further
provided evidence for an overall phase present in the soft factor arising from the backscat-
tering of soft gravitons due to the potential of the central scatterer. The presence of lnω−1
in the quantum subleading soft factors and a first principle account for the overall phase in
four dimensions were provided in [47]. The classical result therein involves a covariant gen-
eralization beyond the probe-scatterer approximation in the presence of both gravitational
and electromagnetic interactions. The phase term for the low frequency gravitational waves
was argued to arise as a consequence of logarithmic corrections in the trajectory of the soft
particle. Specifically, the soft particle trajectory is
xµ (τ) = nµ (τ) +mµ ln |τ | , (87)
where τ its affine parameter associated with the trajectory, n = (1, nˆ) is a null vector along
the asymptotic direction of motion of the soft particle and mµ is a four vector, which in the
case of a heavy central scatterer of mass M is given by
mµ =
M
4π
(
1,~0
)
(88)
The analysis of [47] then identifies the overall phase
exp[iθ] = exp [ik.m ln (Rω)] , (89)
where R is the distance of the soft particle from the scattering center. This is the common
overall phase which multiplies the soft photon and graviton factors, which in the probe-
scatterer approximation becomes exp
[
iM
4π
ω ln (Rω)
]
. By expanding the exponent and keeping
terms of order ω ln (Rω), one finds a phase correction at the subleading soft photon and
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graviton factors. The corrections to Eq. (85) and Eq. (86) are
∆Sem = −iqM
4π
ln (Rω)
[
~ǫ.~β+
1− nˆ.~β+
− ~ǫ.
~β−
1− nˆ.~β−
]
(90)
∆Sgr = −imM
4π
ln (Rω) ǫij
 1
1− nˆ.~β+
1√
1− ~β2+
β+iβ+j − 1
1− nˆ.~β−
1√
1− ~β2−
β−iβ−j
 (91)
The expressions for Sem+∆Sem and Sgr+∆Sgr, using Eq. (85),Eq. (86),Eq. (91) and Eq. (90),
agree with the soft factor expressions of [47] in the probe-scatterer approximation.
In considering the classical expressions for the radiative fields, we will need to evaluate certain
integrals of the type
I =
∫
dteiωg(t)F (t) + boundary terms , (92)
where g(t)→ a±t+ b± ln |t| and F (t) is either a constant or falls off as a negative power of t
as t→∞. If F (t) ∼ |t|−α with −1 < α ≤ 0 (α = 0 is the case where F (t) is a constant) then
the integral in Eq. (92) has to be defined by first performing an integration by parts using
the identity eiωg(t) = 1
iωg′(t)
d
dt
eiωg(t), where g′(t) = d
dt
g(t). This gives
I =
∫
dt
1
iωg′(t)
d
dt
eiωg(t)F (t) + boundary terms = − 1
iω
∫
dteiωg(t)
d
dt
(
F (t)
iωg′(t)
)
(93)
In evaluating the integrals, we will make specific use of the following five integral relations
derived in [71]
I1 =
1
ω
+∞∫
−∞
dte−iωg(t)
d
dt
f(t) =
1
ω
(f+ − f−) + i (a+k+ − a−k−) lnω−1 + finite
I2 =
+∞∫
−∞
dte−iωg(t)
d
dt
f(t)
lnh(t)
R
+
+∞∫
h(t)
du
eiωu
u

 = − (f+ − f−) ln (Rω) + finite
I3 =
+∞∫
−∞
dt
f(t)
r(t)
(
e−iωg(t) − e−iωh(t)) = finite
I4 =
1
ω
+∞∫
−∞
dt
f(t)
r(t)2
(
e−iωg(t) − e−iωh(t)) = −i(f+
c2+
(a+ − p+)− f−
c2−
(a− − p−)
)
lnω−1 + finite
I5 =
+∞∫
−∞
dt
f(t)
r(t)
e−iωg(t) =
(
f+
c+
− f−
c−
)
lnω−1 + finite , (94)
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where
f(t)→ f± + k±
t
, g(t)→ a±t+ b± ln |t|
h(t)→ p±t+ q± ln |t| , r(t)→ c±t+ d± ln |t| , as t→∞ , (95)
In Eq. (94) ‘R’ is an arbitrary constant and ‘finite’ represent terms which are finite in the
ω → 0 limit. The integral relations in Eq. (94) were used to demonstrate that the result
of [4] agrees with the graviton soft factor. In the following subsections, we will demonstrate
that the photon and graviton soft factors are also satisfied by the probe particle scattering
results on the RN spacetime.
3.2 Electromagnetic soft factors and phases on the RN spacetime
In this subsection we will evaluate Eq. (73) in order to determine the soft factor expression.
Using Eq. (75), the normalization in D = 4 dimensions from Eq. (76) and the polarization
conditions Eq. (82), we have the following four dimensional expression for the electromagnetic
soft factor
Sem = i
4πR
eiωR
ǫia˜i(ω, ~x) . (96)
The integrals in Eq. (73) will be evaluated in the limit where the electromagnetic waves
are far separated from the probe particle, i.e. ~x >> ~r (σ). In this limit, the expression of
GM (ω, ~x,~r) in Eq. (59) simplifies to
lim
~x≫~r
GM (ω, ~x,~r)→ iM
16πω
[
ln
( |~r|+ nˆ.~r
R
)
+
∫ ∞
|~r|+nˆ.~r
du
u
eiωu
]
eiω(R−nˆ.~r)
R
, (97)
Setting r0 = t and using Eq. (97) in Eq. (73), we find that the solutions for electromagnetic
perturbations in Eq. (73) take the form
a˜i(ω, ~x) = a˜
(1)
i (ω, ~x) + a˜
(2)
i (ω, ~x) + a˜
(3)
i (ω, ~x) + a˜
(4)
i (ω, ~x) + a˜
(5)
i (ω, ~x) + a˜
(6)
i (ω, ~x) , (98)
where
a˜
(1)
i (ω , ~x) =
q
4π
eiωR
R
∫
eiω(t−nˆ.~r)
1 + φ(~r(t))
vidt (99)
a˜
(2)
i (ω , ~x) =
iMq
32π2ω
eiωR
R
∫
dtvk∂
′
k∂
′
i
{
ln
|~r ′|+ nˆ.~r ′
R
eiω(t−nˆ.~r
′) +
∫ ∞
|~r ′|+nˆ.~r ′
du
u
eiω(t−nˆ.~r
′+u)
}∣∣∣∣
~r ′=~r(t)
,
(100)
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a˜
(3)
i (ω , ~x) = −
Mq
16π2
eiωR
R
∫
dt∂′i
{
ln
|~r ′|+ nˆ.~r ′
R
eiω(t−nˆ.~r
′) +
∫ ∞
|~r ′|+nˆ.~r ′
du
u
eiω(t−nˆ.~r
′+u)
}∣∣∣∣
~r ′=~r(t)
(101)
a˜
(4)
i (ω , ~x) = −
iMqω
16π2
eiωR
R
∫
dtvi
{
ln
|~r ′|+ nˆ.~r ′
R
eiω(t−nˆ.~r
′) +
∫ ∞
|~r ′|+nˆ.~r ′
du
u
eiω(t−nˆ.~r
′+u)
}∣∣∣∣
~r ′=~r(t)
(102)
a˜
(5)
i (ω , ~x) = −
iMq
64π2ω
eiωR
R
∫
dtvi∂
′
k∂
′
k
{
ln
|~r ′|+ nˆ.~r ′
R
eiω(t−nˆ.~r
′) +
∫ ∞
|~r ′|+nˆ.~r ′
du
u
eiω(t−nˆ.~r
′+u)
}∣∣∣∣
~r ′=~r(t)
(103)
a˜
(6)
i (ω , ~x) =
iQm
4πω
eiωR
R
∫
dt
dt
dσ
vk∂
′
k∂
′
i
{
ln
|~r ′|+ nˆ.~r ′
R
eiω(t−nˆ.~r
′) +
∫ ∞
|~r ′|+nˆ.~r ′
du
u
eiω(t−nˆ.~r
′+u)
}∣∣∣∣
~r ′=~r(t)
,
(104)
where ∂′i =
∂
∂r′i
. Apart from a˜
(6)
i (ω, ~x) term which involves Q, the terms a˜
(1)
i (ω, ~x) , · · · a˜(5)i (ω, ~x)
are the same as those which arise for a probe charge on the Schwarzschild spacetime [2], after
accounting for the difference in notation and metric signature.
As in Eq. (83), we assume the following asymptotic expressions for the particle trajectory
and its velocity as t→ ±∞
~r = ~β±t+ ~c± − C±~β± ln |t| , ~v = d~r
dt
= ~β±
(
1− C±
t
)
(105)
We will first evaluate a˜
(1)
i (ω, ~x). Since the integrand involves a constant piece, we need to
perform an integration by parts and Eq. (99) becomes
a˜
(1)
i (ω , ~x) = −
q
4π
eiωR
R
1
iω
∫
eiω(t−nˆ.~r)
d
dt
[
1
1 + φ(~r)
1
1− nˆ.~vvi
]
dt (106)
From Eq. (105), we have
(1− nˆ.~v)−1 =
(
1− nˆ.~β±
)−1 [
1− C±
t
nˆ.~β±
1− nˆ.~β±
]
+O (t−2) (107)
and
φ(~r(t)) = − M
8π|~r(t)| = ∓
M
8π|~β±|t
+O (t−2) , (108)
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where the ∓ sign in the last equality follows from the sign convention used for incoming and
outgoing states. Using Eq. (105), Eq. (107) and Eq. (108) in Eq. (106), we find the expression
a˜
(1)
i (ω , ~x) =
iqeiωR
4πR
1
ω
∫
e−iω((nˆ.
~β±−1)t−C±nˆ.~β± ln |t|) d
dt
[
β±i
1− nˆ.~β±
(
1− 1
t
(
C±
1− nˆ.~β±
∓ M
8π|~β±|
))]
dt
+O (t−3) (109)
This integral is of the I1 type in Eq. (94) with the identifications
f± =
iqeiωR
4πR
β±i
1− nˆ.~β±
,
k± =
iqeiωR
4πR
β±i
1− nˆ.~β±
(
C±
nˆ.~β± − 1
± M
8π|~β±|
)
,
a± = nˆ.~β± − 1 , b± = −C±nˆ.~β± (110)
Hence we get the following contribution from Eq. (109)
a˜
(1)
i (ω , ~x) = i
q
ω
eiωR
4πR
(
1
1− nˆ.~β+
β+i − 1
1− nˆ.~β−
βi−
)
− q lnω−1 e
iωR
4πR
(
C+
1− nˆ.~β+
β+i − C−
1− nˆ.~β−
β−i − M
8π|~β+|
β+i − M
8π|~β−|
β−i
)
(111)
Using Eq. (96), we determine the following contribution from Eq. (111) to the photon soft
factor
i
4πR
eiωR
ǫia˜
(1)
i (ω, ~x) = −
q
ω
(
~ǫ.~β+
1− nˆ.~β+
− ~ǫ.
~β−
1− nˆ.~β−
)
− iq lnω−1
(
C+
1− nˆ.~β+
~ǫ.~β+ − C−
1− nˆ.~β−
~ǫ.~β− − M
8π|~β+|
~ǫ.~β+ − M
8π|~β−|
~ǫ.~β−
)
(112)
From Eq. (112), we see that a˜
(1)
i (ω, ~x) provides the leading term in the soft factor expression
and a subleading contribution. As in the case of a˜
(1)
i (ω, ~x) in Eq. (99), the integral for
a˜
(4)
i (ω , ~x) in Eq. (102) also requires an integration by parts, following which we have
a˜
(4)
i (ω, ~x) =
MqeiωR
16π2R
∫
dteiω(t−nˆ.~r)
d
dt
[
vi
1− nˆ.~v
{
ln
|~r|+ nˆ.~r
R
+
∫ ∞
|~r|+nˆ.~r
du
u
eiωu
}]
(113)
Substituting Eq. (105) in Eq. (113), the integral takes the form of I2 in Eq. (94). Hence
a˜
(4)
i (ω, ~x) provides the expression
a˜
(4)
i (ω , ~x) = −Mq
eiωR
16π2R
ln (ωR)
(
1
1− nˆ.~β+
β+i − 1
1− nˆ.~β−
β−i
)
+ finite (114)
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Using Eq. (96) with Eq. (114), we find the following soft factor contribution
i
4πR
eiωR
ǫia˜
(4)
i (ω , ~x) = −iq
M
4π
ln (ωR)
(
~ǫ.~β+
1− nˆ.~β+
− ~ǫ.
~β−
1− nˆ.~β−
)
(115)
Eq. (115) agrees with Eq. (90). Hence a˜
(4)
i (ω , ~x) provides a pure phase contribution to the soft
factor expression. However, as will be noted later on, this is not the only phase contribution
to the electromagnetic result.
We will next consider a˜
(3)
i (ω, ~x). For this term we require
∂′i
{
ln
|~r ′|+ nˆ.~r ′
R
eiω(t−nˆ.~r
′) +
∫ ∞
|~r ′|+nˆ.~r ′
du
u
eiω(t−nˆ.~r
′+u)
}
= −iωnˆi
{
ln
|~r ′|+ nˆ.~r ′
R
eiω(t−nˆ.~r
′) +
∫ ∞
|~r ′|+nˆ.~r ′
du
u
eiω(t−nˆ.~r
′+u)
}
+
1
|~r ′|+ nˆ.~r ′
(
r′i
|~r′| + nˆi
){
eiω(t−nˆ~r
′) − eiω(t+|~r′|)
}
(116)
All terms involving nˆi in this expression do not contribute to the soft factor since ǫ
inˆi =
ǫi ki
|~k|
= 0, on using Eq. (82). Thus the relevant part of the integral in Eq. (101) is
a˜
(3)
i (ω, ~x) = −
Mq
16π2
eiωR
R
∫
dt
ri
|~r| (|~r|+ nˆ.~r){e
iω(t−nˆ~r) − eiω(t+|~r|)}+ terms involving ni (117)
Substituting Eq. (105) in Eq. (117), the resulting integral is of the type I3 in Eq. (94) with
a finite result. Thus a˜
(3)
i (ω, ~x) does not contribute to the photon soft factor expression.
For the remaining a˜i(ω, ~x) integral terms we will need to consider the action of double deriva-
tives on {ln |~r ′|+nˆ.~r ′
R
eiω(t−nˆ.~r
′) +
∫∞
|~r ′|+nˆ.~r ′
du
u
eiω(t−nˆ.~r
′+u)}. Using Eq. (116) we find
∂′i∂
′
j
{
ln
|~r ′|+ nˆ.~r ′
R
eiω(t−nˆ.~r
′) +
∫ ∞
|~r ′|+nˆ.~r ′
du
u
eiω(t−nˆ.~r
′+u)
}∣∣∣∣
~r ′=~r(t)
= −ω2nˆinˆj
(
ln
|~r|+ nˆ.~r
R
eiω(t−nˆ.~r)
+
∫ ∞
|~r|+nˆ.~r
du
u
eiω(t−nˆ.~r+u)
)
− i ω|~r|+ nˆ.~r
(
ri nˆj
|~r| + nˆinˆj
)(
eiω(t−nˆ~r) − eiω(t+|~r|))
− 1
(|~r|+ nˆ.~r)2
(
ri
|~r| + nˆi
)(
rj
|~r| + nˆj
)(
eiω(t−nˆ~r) − eiω(t+|~r|))
+
1
|~r|+ nˆ.~r
(
δij
|~r| −
rirj
|~r|3
)(
eiω(t−nˆ~r) − eiω(t+|~r|))
− i ω|~r|+ nˆ.~r
(
rj
|~r| + nˆj
)(
nˆie
iω(t−nˆ~r) +
ri
|~r|e
iω(t+|~r|)
)
(118)
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and
∂′k∂
′
k
{
ln
|~r ′|+ nˆ.~r ′
R
eiω(t−nˆ.~r
′) +
∫ ∞
|~r ′|+nˆ.~r ′
du
u
eiω(t−nˆ.~r
′+u)
}∣∣∣∣
~r ′=~r(t)
= −ω2
(
ln
|~r|+ nˆ.~r
R
eiω(t−nˆ.~r) +
∫ ∞
|~r|+nˆ.~r
du
u
eiω(t−nˆ.~r+u)
)
− i2ω|~r| e
iω(t−nˆ~r) (119)
We will now demonstrate that there is no contribution from a˜
(2)
i (ω, ~x) and a˜
(6)
i (ω, ~x). In the
case of both a˜
(2)
i (ω, ~x) and a˜
(6)
i (ω, ~x), the integrand involves v
j contracted with the expression
in Eq. (118). Any term involving ni does not contribute to the soft factor since ǫ
jini = 0.
Thus using Eq. (118) in Eq. (100) and ignoring the ni terms, we can express a˜
(2)
i (ω, ~x) as
a˜
(2)
i (ω, ~x) = a˜
(2)
i ,I(ω, ~x) + a˜
(2)
i ,II(ω, ~x) + a˜
(2)
i ,III(ω, ~x) + terms involving ni , (120)
where
a˜
(2)
i ,I(ω, ~x) = −iM
q
ω
eiωR
32π2R
∫
dt
[
~v.~r ri
|~r|2 (|r|+ nˆ.~r)2 +
nˆ.~v ri
|~r| (|r|+ nˆ.~r)2
] (
eiω(t−nˆ~r) − eiω(t+|~r|)) ,
(121)
a˜
(2)
i ,II(ω, ~x) = −iM
q
ω
eiωR
32π2R
∫
dt
[
~v.~r ri
|~r|3 (|r|+ nˆ.~r) −
vi
|~r| (|r|+ nˆ.~r)
] (
eiω(t−nˆ~r) − eiω(t+|~r|)) ,
(122)
a˜
(2)
i ,III(ω, ~x) =Mq
eiωR
32π2R
∫
dt
[
~v.~r ri
|~r|2 (|r|+ nˆ.~r) +
nˆ.~v ri
|~r| (|r|+ nˆ.~r)
]
eiω(t+|~r|) , (123)
Upon substituting Eq. 105 in the above expressions, we identify that Eq. (121) and Eq. (122)
are integrals like I4 and Eq. (123) is like I5 in Eq. (94), using which we have
a˜
(2)
i ,I(ω, ~x) = −Mq
eiωR
32π2R
[
β+i
|~β+|
− β−i|~β−|
]
lnω−1 + finite = −a˜(2)i ,III(ω, ~x) ,
a˜
(2)
i ,II(ω, ~x) = finite . (124)
Hence the evaluated expression for a˜
(2)
i (ω, ~x) does not contribute to the soft factor. To
evaluate a˜
(6)
i (ω, ~x) we need the asymptotic expression for
dt
dσ
, which for large |~r(t)| is
dt
dσ
= (−gµνvµvν)−
1
2 =
[(
1− M
4π|~r(t)|
)
−
(
1− M
4π|~r(t)|
)−1
~v(t)2
]− 1
2
≈ 1√
1− ~v(t)2
(
1 +
M
8π|~r(t)|
1 + ~v(t)2
1− ~v(t)2
)
=
1√
1− ~β2±
(
1± M
8π|~β±|
1 + ~β2±
1− ~β2±
)
+O (t−2) (125)
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As in the case a˜
(2)
i (ω, ~x), we express a˜
(6)
i (ω, ~x) as
a˜
(6)
i (ω, ~x) = a˜
(6)
i ,I(ω, ~x) + a˜
(6)
i ,II(ω, ~x) + a˜
(6)
i ,III(ω, ~x) + terms involving ni , (126)
where
a˜
(6)
i ,I(ω, ~x) = −iQ
m
ω
eiωR
4πR
∫
dt
dt
dσ
[
~v.~r ri
|~r|2 (|r|+ nˆ.~r)2 +
nˆ.~v ri
|~r| (|r|+ nˆ.~r)2
] (
eiω(t−nˆ~r) − eiω(t+|~r|)) ,
(127)
a˜
(6)
i ,II(ω, ~x) = −iQ
m
ω
eiωR
4πR
∫
dt
dt
dσ
[
~v.~r ri
|~r|3 (|r|+ nˆ.~r) −
vi
|~r| (|r|+ nˆ.~r)
] (
eiω(t−nˆ~r) − eiω(t+|~r|)) ,
(128)
a˜
(6)
i ,III(ω, ~x) = Qm
eiωR
4πR
∫
dt
dt
dσ
[
~v.~r ri
|~r|2 (|r|+ nˆ.~r) +
nˆ.~v ri
|~r| (|r|+ nˆ.~r)
]
eiω(t+|~r|) , (129)
Using the expansions in Eq. (105) and Eq. (125), with the expressions for I4 and I5 in Eq. (94),
we find
a˜
(6)
i ,I(ω, ~x) = −Qm
eiωR
4πR
 β+i
|~β+|
√
1− ~β2+
− β−i
|~β−|
√
1− ~β2−
 lnω−1 + finite = −a˜(2)i ,III(ω, ~x) ,
a˜
(2)
i ,II(ω, ~x) = finite . (130)
Thus a˜
(6)
i (ω, ~x) also does not contribute to the electromagnetic soft factor.
The final integral to consider in the electromagnetic solution is that for a˜
(5)
i (ω, ~x). Substitut-
ing Eq. (119) in Eq. (103) we get
a˜
(5)
i (ω, ~x) = a˜
(5)
i ,I(ω, ~x) + a˜
(5)
i ,II(ω, ~x) (131)
with
a˜
(5)
i ,I(ω, ~x) =Mqiω
eiωR
64π2R
∫
dtvie
iω(t−nˆ.~r)
{
ln
|~r|+ nˆ.~r
R
+
∫ ∞
|~r|+nˆ.~r
du
u
eiωu
}
a˜
(5)
i ,II(ω, ~x) = −Mq
eiωR
32π2R
∫
dt
vi
|~r|e
iω(t−nˆ.~r) (132)
These integrals will be crucial in the results to follow. We will find that a˜
(5)
i ,II(ω, ~x) is a
contribution needed to recover the correct photon soft factor expression apart from an overall
phase. On the other hand a˜
(5)
i ,I(ω, ~x) will provide an additional phase contribution, which has
thus far not been addressed in the literature.
On substituting Eq. (105) in the integrand of a˜
(5)
i ,II(ω, ~x) and using the expression for I5 in
Eq. (94), we find
a˜
(5)
i ,II(ω, ~x) = −Mq
eiωR
32π2R
(
β+i
|~β+|
− β−i|~β−|
)
lnω−1 + finite . (133)
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By using Eq. (133) in Eq. (96), we find the following contribution of this term to the soft
factor
i
4πR
eiωR
ǫia˜
(5)
i ,II(ω, ~x) = −i
M
8π
q lnω−1
(
~ǫ.~β+
|~β+|
+
~ǫ.~β−
|~β−|
)
(134)
This is a subleading contribution, which cancels out the M terms in the subleading contri-
bution of Eq. (112). From the combination of non-vanishing contributions to the soft factors
thus far, i.e. Eq. (112), Eq. (115) and Eq. (134), we find
i
4πR
eiωR
ǫi
(
a˜
(1)
i (ω, ~x) + a˜
(5)
i ,II(ω, ~x) + a˜
(4)
i (ω, ~x)
)
= − q
ω
(
~ǫ.~β+
1− nˆ.~β+
− ~ǫ.
~β−
1− nˆ.~β−
)
− iq lnω−1
(
C+
1− nˆ.~β+
~ǫ.~β+ − C−
1− nˆ.~β−
~ǫ.~β−
)
− iqM
4π
ln (ωR)
(
~ǫ.~β+
1− nˆ.~β+
− ~ǫ.
~β−
1− nˆ.~β−
)
(135)
The second line of Eq. (135) agrees with the expression for the soft factor in Eq. (85), while
the third line in Eq. (135) agrees with the predicted phase contribution to the soft factor in
Eq. (90) resulting from the backscattering of soft photons due to the gravitational potential
of the RN black hole.
We will now demonstrate that a˜
(5)
i ,I(ω, ~x) in Eq. (132) provides an additional phase contribu-
tion to soft factor due to the curvature of the background. This result will also be shown
to follow as a direct consequence of Maxwell’s equations on curved backgrounds. In order
to evaluate the a˜
(5)
i ,I(ω, ~x) in Eq. (132), we need to perform an integration by parts to have a
well defined integral. This gives
a˜
(5)
i ,I(ω, ~x) = −Mq
eiωR
64π2R
∫
dteiω(t−nˆ.~r)
d
dt
[
vi
1− nˆ.~v
{
ln
|~r|+ nˆ.~r
R
+
∫ ∞
|~r|+nˆ.~r
du
u
eiωu
}]
(136)
This integral is of the I2 type in Eq. (94) and in addition, it is exactly the a˜
(4)
i (ω, ~x) integral
in Eq. (113) after changing the coefficient from Mq e
iωR
16π2R
to −Mq eiωR
64π2R
. Accordingly, the
result of Eq. (136) is simply
a˜
(5)
i ,I(ω , ~x) =Mq
eiωR
64π2R
ln (ωR)
(
1
1− nˆ.~β+
β+i − 1
1− nˆ.~β−
β−i
)
+ finite , (137)
which on using Eq. (96) identifies the following phase contribution to the soft factor
i
4πR
eiωR
ǫia˜
(5)
i ,I(ω , ~x) = iq
M
16π
ln (ωR)
(
~ǫ.~β+
1− nˆ.~β+
− ~ǫ.
~β−
1− nˆ.~β−
)
(138)
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Using Eq. (138) and Eq. (135), we get the following final expression for the electromagnetic
soft factor
Sem = i
4πR
eiωR
ǫia˜i(ω , ~x) = i
4πR
eiωR
ǫi
(
a˜
(1)
i (ω, ~x) + a˜
(5)
i ,II(ω, ~x) + a˜
(4)
i (ω, ~x) + a˜
(5)
i ,I(ω , ~x)
)
= − q
ω
(
~ǫ.~β+
1− nˆ.~β+
− ~ǫ.
~β−
1− nˆ.~β−
)
− iq lnω−1
(
C+
1− nˆ.~β+
~ǫ.~β+ − C−
1− nˆ.~β−
~ǫ.~β−
)
− iq 3M
16π
ln (ωR)
(
~ǫ.~β+
1− nˆ.~β+
− ~ǫ.
~β−
1− nˆ.~β−
)
(139)
Hence the a˜
(5)
i ,I(ω, ~x) contribution to the photon soft factor in Eq. (138) reduces the overall
phase in Eq. (135). We in addition note that this result is not a consequence of having
considered the RN spacetime, since the phase contribution in Eq. (137) only depends on
the mass M of the scatterer. In particular, the a˜
(5)
i (ω, ~x) term arises in the scattering of a
charged probe particle on the Schwarzschild spacetime [2].
To better understand the phase contributions in the soft factor, we will consider their corre-
sponding terms in the equation for electromagnetic perturbations in Eq. (34). We can trace
a˜
(4)
i (ω, ~x) to the 4φai,00 term in Eq. (34). Through its dependence on φ, this term can be
understood as arising due to the gravitational potential of the central scatterer. Hence this
contribution can be thought of as resulting from the backscattering of soft photons with the
background gravitational field. The a˜
(5)
i ,I(ω, ~x) contribution on the other hand arises due to the
−φ,kkai term in Eq. (34). Through its dependence on φ,kk, we understand this contribution
as arising from backscattering induced by the background curvature. One of the key points
to note here is that similar curvature dependent contributions also exist in the equation for
gravitational perturbations on this background Eq. (31). The difference with the graviton
soft factor result, which will be discussed in the next subsection, is that these curvature
dependent terms don’t appear to contribute physically. In other words, there appears to be
no analog of ǫia˜
(5)
i ,I(ω, ~x) in the expression for ǫ
ij e˜ij(ω, ~x).
The curvature contribution to the phase can noted directly from Maxwell’s equations on
curved backgrounds. Denoting Fµν = aν;µ − aµ;ν , where ; denote covariant derivatives, we
have
−4πJµ + F µν ;ν = 0
⇒ −4πJµ − aµ ν;ν + a νµν; = −Rµνaν . (140)
In Eq. (140), all indices are raised with respect to the background metric and Rµν denotes the
Ricci tensor. We have in mind the case of Maxwell’s equation on the Schwarzschild spacetime,
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as in [2], where the −φ,kkai term in Eq. (34) also appears. The linearized background metric
expressions are the same as those in Eq. (21). If we choose µ = i on the Schwarzschild
spacetime, then we find the following result for the terms on the LHS of Eq. (140)
−4πJ i − ai;νν + a νiν; = − (1 + 2φ) 4πJi − ((1 + φ) ai) + l,i − φai,00 − 3φai,kk
+ 4φak,ki + 2φkak,i , (141)
where  and l are as defined in Eq. (25) and Eq. (26) respectively. Using the gauge choice
of Eq. (33) in Eq. (141), we then find
−4πJ i − ai;νν + a νiν; = − (1− φ) 4πJi − ((1 + φ) ai)− 4 [φai,00 + φia0,0]− 2φikak , (142)
Eq. (142) precisely cover all the terms in Eq. (34) apart from the −φ,kkai contribution on the
Schwarzschild spacetime (Q = 0). Using the expression for Ricci tensor in Eq. (23), we also
have the following result for the RHS of Eq. (140)
−Riνaν = −Rijaj = −φ,kkai , (143)
confirming the curvature contribution. Maxwell’s equation on the linearized Schwarzschild
spacetime follows from replacing Eq. (142) and Eq. (143) in Eq. (140).
3.3 Gravitational soft factors and phases on the RN spacetime
We will now carry out the analysis of the previous subsection on the solutions for gravitational
perturbations in Eq. (72). Using Eq. (74), Eq. (76) and Eq. (82), we find the following
expression for Sgr in D = 4 dimensions
Sgr = i
4πR
eiωR
ǫij e˜ij(ω, ~x) , (144)
As in the electromagnetic case, we let r0 = t and x >> r(t) by substituting Eq. (97) in
Eq. (72). The resulting expression for Eq. (72) can be expressed as
e˜ij(ω, ~x) = e˜
(1)
ij (ω, ~x) + e˜
(2)
ij (ω, ~x) + e˜
(3)
ij (ω, ~x) + e˜
(4)
ij (ω, ~x) + e˜
(5)
ij (ω, ~x) + e˜
(6)
ij (ω, ~x) + e˜
(7)
ij (ω, ~x) ,
(145)
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where
e˜
(1)
ij (ω, ~x) =
m eiωR
4 π R
∫
dt
(1 + 2Φ(~r(t)))
dt
dσ
vivj e
iω(t−nˆ.~r(t)) + boundary terms , (146)
e˜
(2)
ij (ω, ~x) = i
Mm
32π2ω
eiωR
R
∫
dt
dt
dσ
(1 + ~v2)
(
∂ ′i ∂
′
j −
1
2
δij ∂
′
k∂
′
k
) {
ln
|~r ′|+ nˆ.~r ′
R
eiω(t−nˆ.~r
′)
+
∫ ∞
|~r ′|+nˆ.~r ′
du
u
eiω(t−nˆ.~r
′+u)
}∣∣∣∣
~r ′=~r(t)
, (147)
e˜
(3)
ij (ω, ~x) = −i
Mm
16 π2
ω
eiωR
R
∫
dt
dt
dσ
vi vj
{
ln
|~r ′|+ nˆ.~r ′
R
eiω(t−nˆ.~r
′) +
∫ ∞
|~r ′|+nˆ.~r ′
du
u
eiω(t−nˆ.~r
′+u)
}∣∣∣∣
~r ′=~r(t)
,
(148)
e˜
(4)
ij (ω, ~x) = −
Mm
16 π2
eiωR
R
∫
dt
dt
dσ
(
vi∂
′
j + vj∂
′
i
) {
ln
|~r ′|+ nˆ.~r ′
R
eiω(t−nˆ.~r
′)
+
∫ ∞
|~r ′|+nˆ.~r ′
du
u
eiω(t−nˆ.~r
′+u)
}∣∣∣∣
~r ′=~r(t)
(149)
e˜
(5)
ij (ω, ~x) =
qQ
32π2
eiωR
R
∫
dtδijv
k∂′k
{
ln
|~r ′|+ nˆ.~r ′
R
eiω(t−nˆ.~r
′) +
∫ ∞
|~r ′|+nˆ.~r ′
du
u
eiω(t−nˆ.~r
′+u)
}∣∣∣∣
~r ′=~r(t)
,
(150)
e˜
(6)
ij (ω, ~x) = i
qQ
16π2ω
eiωR
R
∫
dt
(
∂ ′i ∂
′
j −
1
2
δij ∂
′
k∂
′
k
){
ln
|~r ′|+ nˆ.~r ′
R
eiω(t−nˆ.~r
′)
+
∫ ∞
|~r ′|+nˆ.~r ′
du
u
eiω(t−nˆ.~r
′+u)
}∣∣∣∣
~r ′=~r(t)
. (151)
e˜
(7)
ij (ω, ~x) = −
qQ
32π2
eiωR
R
∫
dt
(
vi∂
′
j + vj∂
′
i
){
ln
|~r ′|+ nˆ.~r ′
R
eiω(t−nˆ.~r
′) +
∫ ∞
|~r ′|+nˆ.~r ′
du
u
eiω(t−nˆ.~r
′+u)
}∣∣∣∣
~r ′=~r(t)
(152)
The e˜
(1)
ij (ω, ~x) · · · e˜(4)ij (ω, ~x) contributions are those of the Schwarzschild spacetime, whose
integrals were evaluated in [71]. In the integral of e˜
(1)
ij (ω, ~x) in Eq. (146), we substitute
Eq. (105), Eq. (108) and Eq. (125). After carrying out an integration by parts, the resulting
integral is of the I1 type in Eq. (94) with the result
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e˜
(1)
ij (ω, ~x) = i
m
4π ω
eiωR
R
 11− nˆ.~β+ 1√1− ~β2+ β+iβ+j −
1
1− nˆ.~β−
1√
1− ~β2−
β−iβ−j

− m
4π R
eiωR lnω−1
 1√
1− ~β2+
β+iβ+j
{
C+
1
1− nˆ.~β+
− M0
8 π |~β+|
3− ~β2+
1− ~β2+
+ C+
1
1− ~β2+
}
− 1√
1− ~β2−
β−iβ−j
{
C−
1
1− nˆ.~β−
+
M0
8π|~β−|
3− ~β2−
1− ~β2−
+ C−
1
1− ~β2−
} , (153)
We next consider the integral for e˜
(3)
ij (ω, ~x) in Eq. (148) and substitute Eq. (105) and Eq. (125).
This integral also requires an integration by parts, leading to an integral of the I2 form in
Eq. (94) with the result
e˜
(3)
ij (ω, ~x) = −
Mm
16 π2
ln(ωR)
eiωR
R
 11− nˆ.~β+ 1√1− ~β2+ β+iβ+j −
1
1− nˆ.~β−
1√
1− ~β2−
β−iβ−j
 .
(154)
The integrals for e˜
(2)
ij (ω, ~x) and e˜
(6)
ij (ω, ~x) in Eq. (147) and Eq. (151) respectively are evaluated
in an identical manner. In these integrals, terms which involve δij do not contribute to the
soft factor as the polarization tensor satisfies ǫijδij = ǫ
i
i = 0 using Eq. (82). Furthermore,
from Eq. (118), we also note that for the ∂i∂j contribution, only those terms which do not
involve nˆ are relevant to the soft factor. This follows from the condition ǫijni = ǫ
ij ki
|~k|
= 0.
Thus in the case of e˜
(6)
ij (ω, ~x) in Eq. (151, we find the following integral on using Eq. (118)
e˜
(6)
ij (ω, ~x) = Qq
eiωR
16π2R
∫
dt
rirj
|~r|2 (|~r|+ nˆ.~r)e
iω(t+|~r|)
− iQ q
ω
eiωR
16π2R
∫
dt
[(
rirj
(|~r| (|~r|+ nˆ.~r))2 +
rirj
|~r|3 (|~r|+ nˆ.~r)
)(
eiω(t−nˆ.~r) − eiω(t+|~r|))]
+ terms involving ni ornj (155)
On susbstituting Eq. (105) in Eq. (157), we find that the integral in the first line is of the I5
type and the integral in the second line is of the I4 type of Eq. (94). Using the corresponding
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results for these integrals, we find that Eq. (157) evaluates to
e˜
(6)
ij (ω, ~x) = Qq
eiωR
16π2R
lnω−1
 β+iβ+j
|~β+|2
(
|~β+|+ nˆ~β+
) + β−iβ−j
|~β−|2
(
|~β−| − nˆ~β−
)

−Qq e
iωR
16π2R
lnω−1
 β+iβ+j
|~β+|2
(
|~β+|+ nˆ~β+
) + β−iβ−j
|~β−|2
(
|~β−| − nˆ~β−
)
 + β+iβ+j|~β+|3 + β−iβ−j|~β−|3
+ finite
(156)
Hence
e˜
(6)
ij (ω, ~x) = −Qq
eiωR
16π2R
lnω−1
[
β+iβ+j
|~β+|3
+
β−iβ−j
|~β−|3
]
+ finite (157)
Likewise, in the case of e˜
(2)
ij (ω, ~x) in Eq. (147, we find on using Eq. (118)
e˜
(2)
ij (ω, ~x) =Mm
eiωR
32π2R
∫
dt
dt
dσ
rirj
|~r|2 (|~r|+ nˆ.~r)e
iω(t+|~r|)
− iMm
ω
eiωR
32π2R
∫
dt
dt
dσ
[(
rirj
(|~r| (|~r|+ nˆ.~r))2 +
rirj
|~r|3 (|~r|+ nˆ.~r)
)(
eiω(t−nˆ.~r) − eiω(t+|~r|))]
+ terms involving ni ornj . (158)
The integral in first line of Eq. (158) is of the I5 type and the integral in the second line of
Eq. (158) is of the I4 type in Eq. (94) with the result
e˜
(2)
ij (ω, ~x) = −Mm
eiωR
32π2R
lnω−1
(1 + ~β2+)β+iβ+j
|~β+|3
√
1− ~β2+
+
(1 + ~β2−)β−iβ−j
|~β−|3
√
1− ~β2−
 . (159)
All remaining integrals do not contribute to the soft factor. The e˜
(5)
ij (ω, ~x) integral in Eq. (150
does not contribute since ǫijδij = ǫ
i
i = 0. The integrals for e˜
(4)
ij (ω, ~x) in Eq. (149) and e˜
(7)
ij (ω, ~x)
in Eq. (152) are of a similar type. In both integrals, we substitute Eq. (116) and seek the
possible contributions to the soft factor. All terms involving nˆ do not contribute, since
ǫijni = ǫ
ij ki
|~k|
= 0 from Eq. (82). Thus the relevant terms for the soft factor in Eq. (149) and
Eq. (152) on using Eq. (116) are
e˜
(4)
ij (ω, ~x) = −Mm
eiωR
16π2R
∫
dt
dt
dσ
(virj + vjri)
|~r| (|~r|+ nˆ.~r)
(
eiω(t−nˆ.~r) − eiω(t+|~r|))+ terms involving nj orni ,
(160)
e˜
(7)
ij (ω, ~x) = −Qq
eiωR
32π2R
∫
dt
(virj + vjri)
|~r| (|~r|+ nˆ.~r)
(
eiω(t−nˆ.~r) − eiω(t+|~r|))+ terms involving nj orni ,
(161)
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On substituting Eq. (105) and Eq. (125) in Eq. (160), and Eq. (105) in Eq. (161), we find
that the above integrals are both of the I3 type of Eq. (94) and hence do not contribute any
ω−1 or lnω−1 terms.
Thus the only terms which do contribute to the gravitation soft factor are from Eq. (153),
Eq. (154), Eq. (157) and Eq. (159), which on substituting in Eq. (144) gives
Sgr = i
4πR
eiωR
ǫij e˜ij(ω, ~x)
= −m
ω
ǫij
 1
1− nˆ.~β+
1√
1− ~β2+
β+iβ+j − 1
1− nˆ.~β−
1√
1− ~β2−
β−iβ−j

− im lnω−1ǫij
 1√
1− ~β2+
{
C+
(
1
1− nˆ.~β+
+
1
1− ~β2+
)
− M
8 π |~β+|3
3~β2+ − 1
1− ~β2+
}
β+iβ+j
− 1√
1− ~β2−
{
C−
(
1
1− nˆ.~β−
+
1
1− ~β2−
)
+
M
8 π |~β−|3
3~β2− − 1
1− ~β2−
}
β−iβ−j

− imM
4π
ln (Rω) ǫij
 1
1− nˆ.~β+
1√
1− ~β2+
β+iβ+j − 1
1− nˆ.~β−
1√
1− ~β2−
β−iβ−j

− iqQ
4π
lnω−1ǫij
[
β+iβ+j
|~β+|3
+
β−iβ−j
|~β−|3
]
+ finite (162)
The leading contribution in the above expression agrees with Eq. (86) and the phase correc-
tion agrees with Eq. (91). To complete the agreement with the subleading term in Eq. (86),
we need to identify the expression for C±. This can be determined by considering the energy
of the probe particle from the point particle action in Eq. (5)
−E = δSpp
δ( dt
dσ
)
= −m|g00| dt
dσ
+
q
4π
A0 (163)
Using Eq. (22), Eq. (105), Eq. (125) and Eq. (108) in the last line of Eq. (163), we find
−m|g00| dt
dσ
+
q
4π
A0
= − m√
1− ~β2±
[
1− 1
t
(
C±~β
2
±
1− ~β2±
∓ M
8π|~β±|
(
3~β2± − 1
1− ~β2±
))]
± 1
t
qQ
|~β±|
+O (t−2) (164)
We get the desired expression relating C± with M and Q from Eq. (164) by setting the
1
t
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coefficient to vanish
C± = ± M
8 π |~β±|3
(3~β2± − 1)∓
qQ
4πm|~β±|3
(1− ~β2±)3/2 . (165)
Substituting this expression in (162) gives
Sgr =− m
ω
ǫij
 1
1− nˆ.~β+
1√
1− ~β2+
β+iβ+j − 1
1− nˆ.~β−
1√
1− ~β2−
β−iβ−j

− im lnω−1ǫij
C+ 1
1− nˆ.~β+
1√
1− ~β2+
β+iβ+j − C− 1
1− nˆ.~β−
1√
1− ~β2−
β−iβ−j

− imM
4π
ln (Rω) ǫij
 1
1− nˆ.~β+
1√
1− ~β2+
β+iβ+j − 1
1− nˆ.~β−
1√
1− ~β2−
β−iβ−j
 (166)
The first two lines are now in complete agreement with the soft factor in Eq. (86) and the
last line of Eq. (166) has the phase correction given in Eq. (91).
3.4 Memory and tail effects from soft factors
We have verified that the perturbation solutions in Sec. 2 provide the predicted soft factors
resulting from the classical limit of photon and graviton soft theorems. The only difference
involves an additional phase in the electromagnetic case. While both gravitational and elec-
tromagnetic waves have a phase contribution due to the gravitational potential, only the
latter also involves a phase arising from the backscattering of soft photons from the curva-
ture of the background. As mentioned, the photon and graviton soft factor contributions
considered in this section are universal. In addition, the soft factor results in the previous
subsections resulting from the probe-scatterer approximation, involved an independent sum
over the incoming and outgoing state of the probe particle. Hence the soft factor results in
Eq. (166) and Eq. (139) can be generalized to the case where we only consider light particles
in the outgoing state and no light particles in the incoming state.
This was the approach taken in [72], where the graviton soft factor resulting from the probe
scattering on the D = 4 Schwarzschild spacetime [71] was generalized to the case of several
light particles in the outgoing state and no incoming light particles. With this assumption on
light particle states, their analysis considered the effect of the overall phase and logarithmic
terms in the soft factor on the expression for the transverse and traceless components of
gravitational waves. It was demonstrated that memory effect in gravitational waves now
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involves a tail, with contributions arising from the logarithmic terms and phase correction
present in the subleading soft factor. The resulting solution in frequency space takes the
form
e˜TTij (ω , ~x) = iω
−1Aij + lnω
−1Bij + finite , (167)
where Aij is the leading memory contribution and Bij is the subleading tail term with ex-
pressions
Aij =
1
4πR
∑
a
ma
1
1− nˆ.~βa
1√
1− ~β2a
(βaiβaj)
TT
, (168)
Bij =
M
32π2R
∑
a
ma
1
1− nˆ.~βa
1√
1− ~β2a
1− 3~β2a + 2|~βa|3
|~βa|3
(βaiβaj)
TT
. (169)
In Eq. (168) and Eq. (169), the sum over all outgoing soft particles is denoted by ‘a’ and the
superscript ‘TT ’ refers to the transverse and traceless components.
The above result and the scattering approximation involved are realized in events where the
total mass of the heavy scatterer before and after the scattering event are comparable, and
far greater than the energy of the emitted light particles. Examples of such processes in
particular involve binary black hole and neutron star mergers. The emitted light particles
can be considered in the ultra-relativistic limit |~βa| → 1. A strict massless limit of the
outgoing light states, i.e. ma → 0, cannot be taken if the results are based on the probe-
scatterer approximation as considered in this paper and in [4]. Nevertheless, the result in the
ultra-relativistic limit can be used to infer implications for gravitational waves emitted from
binary black hole events. As can be noted from Eq. (169), in this limit Bij → 0 and there
exists no non-linear tail effect.
We will now directly make use of the soft factor expressions for Sgr in Eq. (166) and Sem
in Eq. (139) to determine their implications on the memory and tail terms. The soft factor
results in the probe-scatterer approximation can be generalized to the case where there only
exist several light particles in the outgoing state. Expressing ln(Rω) = lnR − lnω−1, from
Sgr in Eq. (166) we have
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Sgr
single outgoing probe−−−−−−−−−−−−→ −m
ω
ǫij
 1
1− nˆ.~β+
1√
1− ~β2+
β+iβ+j

− im lnω−1ǫij
(C+ − M
4π
)
1
1− nˆ.~β+
1√
1− ~β2+
β+iβ+j
+ finite
light outgoing particles−−−−−−−−−−−−−→ −
ǫij
ω
∑
a
ma
1
1− nˆ.~βa
1√
1− ~β2a
βaiβaj

−
i lnω−1ǫij∑
a
ma
(
Ca − M
4π
)
1
1− nˆ.~βa
1√
1− ~β2a
βaiβaj
+ finite .
(170)
In the first generalization of Eq. (170), we ignored the incoming state contribution present in
Eq. (166), while in the second generalization we changed the outgoing state into a sum over
several light particles. Denoting the result for the graviton soft factor in this case by S˜gr, we
have
S˜gr = −
ǫij
ω
∑
a
ma
1
1− nˆ.~βa
1√
1− ~β2a
βaiβaj

−
i lnω−1ǫij∑
a
ma
(
Ca − M
4π
)
1
1− nˆ.~βa
1√
1− ~β2a
βaiβaj
+ finite . (171)
Likewise, by repeating the above steps for the photon soft factor Sem in Eq. (139), we find
the following expression for S˜em - the photon soft factor in the case of there existing only
multiple light particles in the final state
S˜em = −
(
ǫi
ω
∑
a
qa
1
1− nˆ.~βa
βai
)
−
(
i lnω−1ǫi
∑
a
qa
(
Ca − 3M
16π
)
1
1− nˆ.~βa
βai
)
+ finite
(172)
The expression for Ca, for an individual outgoing light particle, follows from the expression
for C+ in Eq. (165) with ‘+’ replaced with ‘a’
Ca =
M
8 π |~βa|3
(3~β2a − 1)−
qaQ
4πma|~βa|3
(1− ~β2a)3/2 . (173)
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Following the analysis of [72], we now substitute Eq. (173) in Eq. (171) and Eq. (172) to
express the graviton and photon soft factors in the following way
S˜gr = iǫ
ij
[
iω−1A˜
gr
ij + lnω
−1B˜
gr
ij
]
+ finite ,
S˜em = iǫ
i
[
iω−1A˜emi + lnω
−1B˜emi
]
+ finite , (174)
where
A˜
gr
ij =
∑
a
ma
1
1− nˆ.~βa
1√
1− ~β2a
βaiβaj , (175)
B˜
gr
ij =
∑
a
1
1− nˆ.~βa
1√
1− ~β2a
1
|~βa|3
[
Mma
8π
(
1− 3~β2a + 2|~βa|3
)
+
Qqa
4π
(
1− ~β2a
) 3
2
]
βaiβaj
(176)
A˜emi =
∑
a
qa
1
1− nˆ.~βa
βai , (177)
B˜emi =
∑
a
1
1− nˆ.~βa
1
|~βa|3
[
Mqa
16π
(
2− 6~β2a + 3|~βa|3
)
+
Qq2a
4πma
(
1− ~β2a
) 3
2
]
βai (178)
Ignoring the Q dependent term in Eq. (176), we see that the expressions in Eq. (175) and
Eq. (176) agree with Eq. (168) and Eq. (169) respectively up to a constant factor. Hence
A˜
gr
ij represents the memory effect while B˜
gr
ij represents the corresponding tail effect of late
time gravitational waves on the RN spacetime. We can similarly take A˜emi to represent the
memory effect and B˜emi to represent the tail effect of late time electromagnetic waveforms.
The results on the Schwarzschild spacetime follow from setting Q = 0.
As in [72], the B˜grij tail is a consequence of logarithmic terms and phase contribution in the
soft factor. In considering the |~βa| → 1 limit we see that Bgrij → 0, implying the absence of a
tail in the non-linear memory effect. The vanishing tail at late times is a consequence of the
phase contribution to the soft factor. For |~βa| < 1, both memory and tail effects are present,
with the memory dominating the tail at large times.
The terms in B˜emi are a consequence of the logarithmic terms and the phase contribution in
the photon soft factor. In considering the |~βa| → 1 limit of Eq. (178), we now find
B˜emi → −
M
16π
∑
a
qa
1
1− nˆ.~βa
βai , as |~βa| → 1 . (179)
Hence there exists a non-vanishing electromagnetic tail effect in the ultrarelativistic limit.
We note that this is a non-local tail effect resulting from the phase contribution due to
the curvature of the background. If the photon soft factor result in the probe-scatterer
38
approximation only involved the phase term in Eq. (90), then the resulting tail term for
outgoing light particles would vanish in the |~βa| → 1 limit just as in the graviton soft factor.
Thus the tail contribution in Eq. (179) is exclusively due to the photon soft factor contribution
in Eq. (138), resulting from the coupling of the soft photons to the background curvature.
From Eq. (179), we see that B˜emi is proportional to A˜
em
i , with a proportionality contant
M
16π
≡ GM
2
<< 1, when |~βa| → 1. Thus the memory term dominates over the tail term in
the ultra-relativistic limit. We can determine from the integrals evaluated in the previous
subsection that the expressions for eij (t , ~x) and ai (t , ~x) in position space which provide
Eq. (174) will take the form
eij (t , ~x) ∼ A˜grij +
1
t
B˜
gr
ij +O
(
t−2
)
ai (t , ~x) ∼ A˜emi +
1
t
B˜emij +O
(
t−2
)
. (180)
Hence at large times, the leading memory effect will dominate the tail in both gravitational
and electromagnetic waveforms. The inference we draw from our analysis is that electromag-
netic tails persist longer than gravitational waves propagating on curved backgrounds. The
difference in tail effects has the scope of being detected through multimessenger astronom-
ical observations. Furthermore, a direct observational consequence of the phase difference
between gravitational and electromagnetic waves involves the arrival times of the waveform
peaks. It is quite interesting that such key differences between gravitational and electromag-
netic waveforms appear at the level of linearized perturbations on curved backgrounds.
4 Summary and Discussion
In this paper, we derived the electromagnetic and gravitational bremmstrahlung resulting
from the scattering of a probe particle on the RN spacetime in Sec. 2. The results were derived
up to leading order in M
r
and Q
r
, consistent with our assumption of a large impact parameter
for the scattering. On account of the perturbations involving the weak field and fast-motion
approximation, we made use of the approach described in [4, 77], wherein the gravitational
bremmstrahlung resulting from the scattering of a point mass on the Schwarzschild spacetime
was calculated. The results of [4] are also known to satisfy the graviton soft factor and
provided additional inference on the overall phase of gravitational waves [71], which further
motivated our consideration of this approach. Our results on the RN spacetime can be noted
as providing central charge Q corrections to the known results for the gravitational radiation
resulting from the probe mass scattering [4] and the electromagnetic radiation resulting from
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the probe charge scattering [2] on the Schwarzschild spacetime. In taking the Q = 0 limit of
the final radiative solutions in frequency space, Eq. (72) and Eq. (73) for the gravitational and
electromagnetic cases respectively, we recover the expressions on the Schwarzchild spacetime.
We can also note from the form of gauge fixed equations in position space, Eq. (31) and
Eq. (34), that the terms proportional to Q also capture the coupling of gravitational and
electromagnetic perturbations. Specifically, the terms proportional to Q in the gravitational
perturbation equation in Eq. (31) involve electromagnetic perturbations and likewise, the Q
dependent terms in the electromagnetic perturbation equation Eq. (34) involve gravitational
perturbations. The coupling of gravitational and electromagnetic perturbations follow as a
consequence of Einstein-Maxwell equations on curved backgrounds.
The classical limit of soft theorems can be taken for scattering processes either involving
large impact parameters or the probe-scatterer approximation [70]. Accordingly, in Sec. 3
we applied the formalism of [70, 71] to determine the soft factors in the probe-scatterer
approximation, which includes the subleading phase corrections first described in [47] on the
RN spacetime. Our result for the graviton soft factor Eq. (166) agrees with the predicted
probe-scatterer approximation expression in the presence of gravitational and electromagnetic
interactions. As described in Sec. 3.3, this result follows from using the equations of motion
for the point particle on the RN spacetime. However, our results for the photon soft factor in
Eq. (139) involves a negative phase contribution in addition to the predicted result noted thus
far in the literature. In Sec. 3.2 we traced this contribution to the −φ,kkai term present in the
gauge fixed perturbation equation for the electromagnetic field Eq. (34). This is a curvature
dependent term, which as shown in Eq. (140), results from expressing Maxwell’s equations
as a wave equation on curved spacetimes. Furthermore, the curvature dependent term in
the perturbation equation leads to integral a˜
(5)
i (ω, ~x) in Eq. (131) present in the perturbative
solution in frequency space. This integral comprises of two pieces. The a˜
(5)
i,II(ω, ~x) contribution
is crucial in recovering the photon soft factor in the absence of phase corrections. On the other
hand, the a˜
(5)
i,I (ω, ~x) piece is responsible for the additional negative phase contribution to the
electromagnetic wave. We thus consider the phase contribution to be a direct consequence
of Maxwell’s equations on curved backgrounds. As phase contributions enter as subleading
terms, this further suggests that observational signatures resulting from soft factors could
not only provide information on weakly curved backgrounds, but in addition could serve to
distinguish certain properties of gravitational and electromagnetic waves.
In Sec. 3.4, following the approach of [72], we used the soft factor expressions to determine the
late time radiation from scattering processes involving no incoming and several outgoing light
particles. This extension in particular covers merger events, where the energy of the ejected
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light particles are less than the rest mass of the central (merged) scatterer. The memory
effect in four dimensional spacetimes involves a tail contribution arising from the logarithmic
terms and phase corrections present in the subleading soft factor. We expressed the photon
and graviton soft factors derived in Eq. (139) and Eq. (166) respectively, in terms of the
memory and tail effect contributions in Eq. (174). In all cases, the leading memory effect
always dominates the tail contribution at late times, owing to the t−1 fall-off of the tail term
in the radiation. However, on account of the difference in phase between the electromagnetic
and gravitational waves, there is an observable difference in the ultrarelativistic limit |~β| → 1.
In this limit, the tail term vanishes in the gravitational case thus implying the presence of
only the leading memory effect. As noted in Eq. (179), the tail effect persists in late time
electromagnetic waveforms.
The ultrarelativistic limit following our results cannot strictly be considered as a massless
limit. Hence for merger events involving only the emission of gravitational and electromag-
netic waves and no other massive particles, the ultrarelativistic limit is merely suggestive.
However, we note that the soft factor results derived in [78, 79], following the classical scat-
tering results for massless particles in [9,10], involve logarithmic terms which agree with the
general expression for the graviton soft factor presented in [47]. Due to this agreement, we be-
lieve that the ultrarelativistic limits of the late time electromagnetic waveforms might extend
to the case involving only massless particles in the outgoing state. Our result then implies
a more striking difference between gravitational and electromagnetic waveforms - namely for
merger events involving only massless ejected particles, electromagnetic waveforms do involve
a tail contribution while gravitational waveforms do not.
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A Scalar Green function on linearized curved space-
times
In flat spacetime, the scalar Green function satisfies the equation
G (x, r(σ)) = ηµν∂µ∂νG (x, r(σ)) = −δ4 (x− r(σ)) (181)
which has the general solution
G (x, r(σ)) =
1
4π
δ (−Ω0 (x, r(σ))) , (182)
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where
Ω0 (x, r(σ)) =
1
2
ηµν (x
µ − rµ(σ)) (xν − rν(σ)) = 1
2
(
− (t− r0(σ))2 + (~x− ~r(σ))2) . (183)
We may further express Eq. (182) as a sum over retarded and advanced Green functions
G(x, r(σ)) =GR(x, r(σ)) +GA(x, r(σ))
GR(x, r(σ)) =
1
4πR0
δ
(
t− r0(σ)− R0
)
, GA(x, z(s)) =
1
4πr
δ
(
t− r0(σ) +R0
)
(184)
where
~R0 = ~x− ~r(σ) , R0 = |~R0| . (185)
Hence Eq. (36) in flat spacetime
ψ(x) = −
∞∫
−∞
δ4 (x− r(σ)) f(σ)dσ (186)
can have solutions involving only the retarded Green function by specifying limits on the
integral of the full solution
ψ(x) =
1
4π
σ0∫
−∞
δ (−Ω0 (x, r(σ))) f(σ)dσ = 1
4π
∞∫
−∞
δ (t− r0(σ)− R0)
R0
f(σ)dσ , (187)
where σ0 is chosen such that r
µ(σ0) lies outside the light cone centered on x. Analogous to
Ω0 (x, r(σ)) in flat spacetime, we can define a world function Ω (x, r(σ)) on curved spacetimes
which makes use of the geodesic distance between x and r(σ). Let ξµ(u) be the parametric
solution of an unique geodesic connecting the points x and r(σ) which satisfies
dUα
du
+ ΓαµνU
µUν = 0 , (188)
where Uα = dξ
α
du
and the points x and r(σ) are taken to be at the parametric values of u1
and u0 respectively. We then define the world function in the following way
Ω (x, r(σ)) =
u1 − u0
2
u1∫
u0
gµνU
µUν du ≡ (u1 − u0)
2
2
gµνU
µUν , (189)
where the last equality follows from the fact that since Uµ satisfies Eq. (188), the integrand
in the second equality of Eq. (189) is constant. From Eq. (189) we can derive the following
relations
Ω (x, r(σ));µ = (u1 − u0)Uµ , Ω;µΩ;µ = 2Ω . (190)
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From considering the second derivatives of Ω, we can also derive the following expression
Ω (x, r(σ));α
α = 4− F (x, r(σ)) +O (R2) , (191)
where
F (x, r(σ)) =
1
u1 − u0
u1∫
u0
(u− u0)2RµνUµUνdu (192)
and O (R2) represent terms which are quadratic and higher in curvature. As we will be seek-
ing solutions about linearized curved backgrounds, we can ignore the O (R2) contributions
resulting from derivatives of the world function. We also note that an equivalent definition
of the world function can be provided in terms of the path length
Ω (x, r(σ)) = −1
2
∆S2 (x, r(σ)) , (193)
where ∆S (x, r(σ)) is the integral over the geodesic distance (say s) from x to r(σ)
∆S (x, r(σ)) =
t∫
r0
ds
dξ0
dξ0 . (194)
Using the world function, we first assume a trial solution of Eq. (36) to be of the following
form
ψ(0)(x) =
1
4π
σ0∫
−∞
δ (−Ω (x, r(σ))) f(σ)dσ . (195)
Using Eq. (190) and Eq. (191), we then find from Eq. (195
ψ
(0)
;α
α =
1
4π
σ0∫
−∞
[2δ′′ (−Ω)Ω− 4δ′ (−Ω) + δ′ (−Ω)F (x, r)] f(σ)dσ +O (R2) , (196)
where primes denote differentiation with respect to −Ω. Re-expressing these derivatives as
δ′ (−Ω) = dδ (−Ω)
dσ
dσ
d (−Ω) , (197)
we find
ψ
(0)
;α
α = −
∞∫
−∞
δ4 (x− r(σ)) f(σ)dσ + 1
4π
σ0∫
−∞
δ′ (−Ω)F (x, r(σ))f(σ)dσ +O (R2) (198)
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From Eq. (198), we can identify the following solution valid up to linear order in curvature
ψ(1)(x) = ψ(0)(x) + δψ(0)(x)
= ψ(0)(x) +
1
16π2
∫ √
−g(y)δ (−Ω (x, y)) d4y
σ0∫
−∞
δ′ (−Ω (y, r(σ)))F (y, r(σ)) f(σ)dσ .
(199)
Hence ψ(1)(x) in Eq. (199) does satisfy Eq. (36).
B Derivation of Eq. (39) and Eq. (49)
B.1 Derivation of Eq. (39)
The ψ(0) solution given in Eq. (195) follows from the expression for the world function
Ω (x , r (σ)) and properties of the delta function.
We will derive the world function using Eq. (193) which involves the integral ∆S over the
geodesic distance s from x to r(σ). From Eq. (194), we note that this further requires us to
find the expression for ds
dξ0
. This can be determined from the geodesic equation
d2ξ0
ds2
+ Γ0αβ
dξα
ds
dξβ
ds
= 0 (200)
Using the expression for Γ00k = φ,k, with φ ≡ φ
(
~ξ
)
along the geodesic connecting x with
r (σ), we then have from Eq. (200)
d2ξ0
ds2
+ 2
dφ
ds
dξ0
ds
= 0
⇒ dξ
0
ds
= A exp [−2φ] ≈ A (1− 2φ) +O (φ2) (201)
From the last line of Eq. (201) in Eq. (194), we then have
∆S (x, r(σ)) =
t∫
r0
ds
dξ0
dξ0 ≈
t∫
r0
1
A
(1 + 2φ) dξ0
=
t− r0
A
+
2
A
t∫
r0
φ
(
~ξ
)
dξ0 (202)
We will solve the integral involved in the second line of Eq. (202) by first parametrizing the
geodesic path in the following way
ξµ = rµ + λ (xµ − rµ) , (203)
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which is valid at the linearized the level. Hence
dξ0 =
(
t− r0) dλ , (204)
φ
(
~ξ
)
= − M
8π|~r − λ~R0|
= − M
8π
√|~r|2 + 2λR0|~r| cos θ + λ2R20 , (205)
where ~R0 is as defined in Eq. (185) and cos θ =
~r. ~R0
|~r|R0
. Substituting Eq. (204) and Eq. (205)
into the integral in the second line of Eq. (202), we have
2
A
t∫
r0
φ
(
~ξ
)
dξ0 = −M (t− r
0)
4πA
1∫
0
1√|~r|2 + 2λR0|~r| cos θ + λ2R20dλ
= −M (t− r
0)
4πR0A
ln
(
~x. ~R0 +RR0
~r. ~R0 + |~r|R0
)
= −M (t− r
0)
4πR0A
Γ (~x,~r) (206)
where we have replaced |~x| = R and made use of the definition of Γ (~x,~r) as given in Eq. (50).
Using Eq. (202) and Eq. (206) in Eq. (193), we then find
Ω (x, r) = −1
2
∆S2 (x, r)
= −(t− r
0)
2
2A2
(
1− M
2πR0
Γ (~x,~r)
)
+O (φ2) (207)
To complete our expression for Ω (x, r) we need to determine the constant A−2, which follows
from the normalization condition
gµν
dξµ
ds
dξν
ds
= −1 (208)
Denoting dξ
i
dξ0
= V i, Eq. (208) can be re-expressed as
A−2 (1 + 4φ) = (1 + 2φ)− |~V |2 (1− 2φ) . (209)
We fix the constant by considering the asymptotic limit for large values of |~ξ| and with φ→ 0.
In this case Eq. (209) simplifies to A−2 = 1 − |~VA|2, where in denoting |~V | by |~VA| we take
this velocity to be the asymptotic value. Replacing this expression for A−2 in Eq. (209) we
can then find the first-order in φ corrections for |~V |. We can also take all φ|~V |2 ∼ φ, i.e.
|~V |2 ≈ c2 = 1 in all terms multiplying φ, since all deviations are O (φ2). Accordingly, from
Eq. (209) we then find |~V |2 = |~VA|2 + 4φ and hence
|~V | = |~VA|+ 2φ+O
(
φ2
)
. (210)
The path distance |~x− ~r (σ) | = R0 satisfies
R0 =
t∫
r0
|~V (ξ0) |dξ0 ≈ |~VA| (t− r0)+ 2 t∫
r0
φ
(
~ξ
)
dξ0 , (211)
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where we made use of Eq. (210). Thus |~VA| ≈ 1
t− r0
R0 − 2 t∫
r0
φ
(
~ξ
)
dξ0
, which upon
substituting in A−2 =
(
1− |~VA|2
)
gives
A−2 =
1
(t− r0)2
(t− r0)2 − R20 + 4R0 t∫
r0
φ
(
~ξ
)
dξ0
 +O (φ2)
=
1
(t− r0)2
((
t− r0)2 − R20 − MR02π Γ (~x,~r)
)
+O (φ2) , (212)
where we made use of Eq. (206) and the property M t−r
0
R0
= M
|~VA|
+ O (φ2) ∼ M + O (φ2).
Substituting Eq. (212) in Eq. (207), we find
Ω (x, r) ≈ −1
2
((
t− r0)2 − R20 − MR02π Γ (~x,~r)
)(
1− M
2πR0
Γ (~x,~r)
)
≈ −1
2
((
t− r0)2 −(R0 + M
4π
Γ (~x,~r)
)2)(
1− M
4πR0
Γ (~x,~r)
)2
, (213)
where in the last line we could complete the squares since O (M2) terms are ignored. Using
the delta function scaling property
δ
(y
a
)
= aδ (y) , (214)
where a is a constant and the transformation property
δ (f (y)) =
∑
y0
1
|f ′ (y0) |δ (y − y0) , (215)
where y0 is a non-repeated root of f(y), we find on substituting Eq. (213) in Eq. (195)
ψ(0)(t , ~x) =
1
4π
σ0∫
−∞
δ (−Ω (x, r(σ))) f(σ)dσ
=
1
4π
∞∫
−∞
δ
(
t− r0 −R0 − M4πΓ (~x, ~z)
)
R0
f(σ)dσ +O(M2) (216)
The advanced Green function contribution is absent due to the upper limit on the integral
in the first line of Eq. (216).
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B.2 Derivation of Eq. (49)
In the case of δψ(0), we find the following equation from Eq. (38)
δψ(0)(x) =
1
16π2
∫ √
−g(y)δ (−Ω (x, y)) d4y
σ0∫
−∞
δ′ (−Ω (y, r(σ)))F (y, r(σ)) f(σ)dσ , (217)
with
F (y, r(σ)) =
1
u1 − u0
u1∫
u0
(u− u0)2RµνUµUνdu (218)
where Uα = dξ
α
du
and the points y and r(σ) are taken to be at the parametric values of u1
and u0 respectively. Since we are working up to linear order in φ and the distance of r (σ) to
black hole is taken to be large, we can approximate the black hole as a massive and charged
point particle and replace Rµν by its stress tensor. In other words, we consider
Rµν ≈ Mδ(3) (~r ′) δ0µδ0ν +O
(
φ2
)
, (219)
where ~r ′ denotes the location of the black hole and O (φ2) involve the O (Q2) terms in
the electromagnetic stress tensor. The evaluation of Eq. (217) also requires us to have a
parametric expression for ~r ′ in terms of u. For this, we consider Uα to be nearly null, i.e.
(
U0
)2 ≈ ~U2 = ( ~y − ~r
u1 − u0
)2
, (220)
with the location of ~r ′ determined from the parametric relation for a straight-line path
~r ′ (u) = ~r + (u− u0) ~U = ~r +
(
u− u0
u1 − u0
)
(~y − ~r) . (221)
Substituting Eq. (219), Eq. (220) and Eq. (221) in Eq. (218), we find
F (y, r) =
M
u1 − u0
u1∫
u0
(u− u0)2 δ(3) (~r ′(u))
(
U0
)2
du+O (φ2)
=
M
(u1 − u0)3
u1∫
u0
(u− u0)2 δ(3) (~r ′(u)) (~y − ~r)2 du+O
(
φ2
)
=M
u1∫
u0
1
u− u0 δ
(3)
(
~y + ~r
(
u1 − u
u− u0
))
(~y − ~r)2 du+O (φ2) (222)
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where we made use of the delta function scaling property Eq. (214) in the last line of Eq. (222).
For the terms other than F involved in the integrand of Eq. (217), we can use the flat
spacetime expressions since Eq. (222) is O (M). Thus∫ √
−g(y)δ (−Ω (x, y)) d4y →
∫
δ (−Ω0 (x, y)) d4y
=
∞∫
−∞
1
|~x− ~y|δ
(
t− y0 − |~x− ~y|) d4y , (223)
where we made use of Eq. (187) in expressing the result as an integral over the retarded
Green function. We also change the derivative involved in the δ′ (−Ω (y, r(σ))) term so that
we differentiate with respect to the argument involved in the retarded Green function
d
d (−Ω0) =
d (y0 − r0 − |~y − ~r|)
d (−Ω0)
d
d (y0 − r0 − |~y − ~r|)
=
2
y0 − r0 + |~y − ~r|
d
d (y0 − r0 − |~y − ~r|) . (224)
Using the equation in the second line of Eq. (224) and the property that the path from y to
r (σ) is nearly null, we then have
σ0∫
−∞
δ′ (−Ω (y, r(σ))) f(σ)dσ →
∞∫
−∞
1
|~y − ~r|2 δ
′
(
y0 − r0 − |~y − ~r|) f(σ)dσ . (225)
Unless stated otherwise, δ′(A) will always mean that we differentiate with respect to the
argument of the delta function ‘A’. Substituting Eq. (222), Eq. (223) and Eq. (225) in
Eq. (217), we get
δψ(0)(x) =
M
16π2
∞∫
−∞
δ (t− y0 − |~x− ~y|)
|~x− ~y| d
4y
∞∫
−∞
δ′
(
y0 − r0 − |~y − ~r|) f(σ)dσ
u1∫
u0
1
u− u0 δ
(3)
(
~y + ~r
(
u1 − u
u− u0
))
du (226)
On evaluating the d3y integral and denoting α = u1−u
u−u0
in Eq. (226), we have
δψ(0)(x) =
M
16π2
∞∫
−∞
δ (t− y0 − |~x+ ~rα|)
|~x+ ~rα| dy
0
∞∫
−∞
δ′
(
y0 − r0 − |~r(1 + α)|) f(σ)dσ u1∫
u0
du
u− u0
(227)
Changing the variable from |~r|α = v gives
du
u− u0 = −
dv
|~r|+ v (228)
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Hence changing the variable from u to v in Eq. (227), we find
δψ(0)(x) =
M
16π2
∞∫
0
dv
∞∫
−∞
δ (t− y0 − ρ(v))
ρ(v) (|~r|+ v) dy
0
∞∫
−∞
δ′
(
y0 − r0 − |~r| − v) f(σ)dσ , (229)
where ρ(v) is as defined in Eq. (50), i.e.
ρ(v) =
√
R2 + v2 +
2v~x.~r
|~r| , R = |~x| (230)
To derive Eq. (49) from Eq. (229) we proceed by first making use of the shift property of
delta function to get
δψ(0)(x) =
M
16π2
∞∫
0
dv
∞∫
−∞
δ (t− y0)
ρ(v) (|~r|+ v)dy
0
∞∫
−∞
δ′
(
y0 − r0 − |~r| − v − ρ(v)) f(σ)dσ . (231)
We now change the derivative acting on the delta function in the following way
δ′
(
y0 − r0 − |~r| − v − ρ(v)) = dy0
d (y0 − r0 − |~r| − v − ρ(v))
d
dy0
δ
(
y0 − r0 − |~r| − v − ρ(v))
=
d
dy0
δ
(
y0 − r0 − |~r| − v − ρ(v)) . (232)
Since ρ(v) (|~r|+ v) is independent of y0, we thus have
δψ(0)(x) =
M
16π2
∞∫
−∞
dy0δ
(
t− y0) d
dy0
∞∫
0
dv
∞∫
−∞
δ (y0 − r0 − |~r| − v − ρ(v))
ρ(v) (|~r|+ v) f(σ)dσ (233)
Finally, by evaluating the y0 integral, we get Eq. (49).
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